
7AD-AiM 576 THEORY OF LASER COOLING AND SPECTROSCOPY OF12
HARMONICALL Y TRAPPED SINGLE ATOMS(U) AIR FORCE INST OF
TECH MRIGHT-PATTERSON RFB OH SCHOOL OF ENGINEERING

UNCLRSSIFIED R L WELLS DEC 87 AFIT/DS/PH/875 F/G 7/4 WEhEE41E7i



HI_ ~ ~ _ 02.0

II I II I.: --,
I.2 1111 *W.2il

w - 6

O140
jI()



UP FiLE C '
g4

~OF

THEORY OF LASER COOLING

AND SPECTROSCOPY OF

HARMONICALLY TRAPPED

SINGLE ATONS

DISSERTATION

DTIC.(. "- CTE_

W0 21988
DEPARTMENT OF THE AIR FORCE

AIR UNIVERSITY H
AIR FORCE INSTITUTE OF TECHNOLOGY

Wright-Patterson Air Force Base, Ohio
oI STP N A 8 3 1 19 3

5 Approved for public releama
Distibution Unlimited

}',. , % " ..- .° . -. - - . , .-. * %.-O • ,, , . -



A.FIT/DS/PH/37-5

THEORY OF LASER COOLING

AND SPECTROSCOPY OF

HAkRNONICALLY TRAPPED

SINGLE ATOMS

DISSERTATION

AFIT/DS/PH/S7-5 Ann Laurie Wells
Capt USAF

A--po,2 in Ublic rel ease; distribution un-.i iitt~d

O~p



AFIT/DS/PH/8--5

I
THEORY OF LASER COOLING AND SPECTROSCOPY

OF HARMONICALLY TRAPPED SINGLE ATOMS

DISSERTATION

Presented to the Faculty of the School of Engineering

of the Air Force Institute of Technology

Air University

In Partial Fulfillment of the

Requirements for the Degree of

Doctor of Philosophy

Ann Laurie Wells, B.S., M.S.

Captain, USAF

December 19S7

Approved for public release; distribution unlinited



AFIT/DS/PH/87-5

I

THEORY OF LASER COOLING AND SPECTROSCOPY

OF HARMONICALLY TRAPPED SINGLE ATOMS

Ann Laurie Wells, B.S., M.S.

Captain, USAF

Approved:

Richard J. Cook/ Maj USAF, Chairman

Won B. Roh 
7

Dennis W. Quinn

James A. Lupo,VMa USAF

Accepted:

J. S. Przemieniecki
Dean, School of Engineering

a

-



Acknowledgements

I

The author wishes to thank her research advisor faj Richard J. Ccok for

many enlightening conversations and constant encouragement. To my fellow DS

students and their families., I offer my thanks for helping to put me back :cgelher

when I fell apart. I also must thank my husband and children for ma'kin man"

sacrifices so that I could finish this work.

ANN LAURIE WELLS

.1

Ii

I

%r

Lk ___

'1'

11 __-_

I t. _ . .. 7



Table of Contents

Pagye
Acknowledgements....... ..... . . .. . .. .. .. .. ..

List of Figures. .. ........... .. .. .. .. .. .. .

A bstract . . . . . . . . . . . . . . . . . . . . . . . . . Vi

I. Introduction. ...... ......... ........ I

Motivation.. ......... ......... 1

Problem Statement and Approach. .. ........ 4

II. Background .. .... ......... .......... 9

Laser Cooling. .. ........ ......... 9

Single Atom Spectroscopy .. ............ 17

mI. Simple Theory of Sideband Cooling. .. .... ........ 6

Development of Theory ... ............ 26

Special Cases .. ...... ............ 32

Numerical Results. .. ......... ..... 36

IV. Single Atom Spectroscopy: Ladder Configuration.......47

Dressed Atom Approach. . ... .... ..... 4

Optical Bloch Equation Approach ........ 5



V. Conclusion . . . . . . . . . . . . . . . . . . . . . . 7_

Discussion of Results .~ . ...... 7

I Recommendations for Further Study

Bibliography . . . . . . . . . . . . . . . . . . . . . . . .

Appendix . . . . . . . . . . . . . . . . . . . . . . . . .

Vita................... .. ... . . . .. .. .. .. . .. 1

iv



List of' Figures

Figure Page

2. "Ladder" Configuration.

3. Paul Radio Frequency Quadrupole Trap .. ...... ...... 10

4. Energy Level Diagram for Naglourney, et al...........1

5. Energy Levels of Trapped Ion .... ......... ..... 1

6. Spectrum of Trapped Ion. ....... ......... .. 16

7. Intermittent Fluorescence from Nagourney, et al.........

8. Energy Level Diagram for Sauter, et al. ........ .... 21

9. Intermittent Fluorescence for Sauter, et al ............ 1

10. Energy Level Diagram for Berg~quist. et al...........2

11. Intermittent Fluorescence from Bergquist, et, al .. ......... 25

12. Plot of s, versus r.......................38

13. Plot of Ln(A) versus........ ......... .... 39

14. Plot of a versus A~. Equation (3.27a) ..... .......... 41

r I15. Plot of a versus 3. Equation (3.27a). ......... .... 42

V



16. Plot of c versus .. Equation (3.27a) ....... .............. 43

17. Plot of a versus .A. Equation (3.35a) .............. 4

18. Plot of a versus 3. Equation (3.35a) ...... .............. 45

19. Plot of a versus fl. Equation (3.35a) ....... .............. 46

20. Energy Levels of Dressed States ..... ................ .... o

21. Steady State Value of P, versus ",o. ............... 39

22. Plot of -h versus .2 65

23. Plot of -m versus .. ......... ..................... 66

24. Plot of " versus ", . . . . . . . . . . . . . . . . . . . .. . 67

25. Plot of -rY versus . ..................... 68

26. Plot of R, versus A.. ...... ..................... ... 69

27. Plot of R - versus .i . . . . . . . . . . . . . . . . . . . . . 70

iv

A

.



Abstracti

The problem of laser cooling of a single ion or atom in a harmonic trap was

considered. A simple theory of sideband cooling has been developed. In the limit

that the particle's secular motion can be treated semiclassically, the theory allcws

the calculation of a logarithmic cooling rate either numerically or. for two special

cases, analytically. The theony could be used to optimize the parameters of a

cooling experiment.

The spectroscopy of a single atom in the ladder configuration has been

treated theoretically. A dressed atom approach was used to provide qualitative

information about the system. The optical Bloch equations for the four level sys-

tem in the rotating wave approximation were developed and solved for steady

state. The Bloch equations were also solved in the adiabatic approximation and

A. upward and downward transition rates were extracted from this treatment.

4 i



I. Introduction

A. Motivation

Breakthroughs in the trapping and cooling of ions have made it possible to

perform spectroscopic experiments on a single ion trapped indefinitely in a volume

with am dimensions (31). Recent developments in the trapping and cooling of

clouds of neutral atoms (26) indicate that confining a single neutral atom is feasi-

ble. Trapped. cooled atoms will possibly provide the ultimate laser frequency

standard. Alone in the trap, the spectral lines of the atom will not be collisionally
P

broadened and if restricted to a reg ion smaller than V'4, the Doppler effect will be

suppressed (12). It is also possible, using the "atom amplifier" technique first pro-

posed by Dehmelt (13), to use extremely weak transitions, accessing states with

extremely long lifetimes and consequently narrow natural linewidths.

The theory of laser cooling in a harmonic trap has been developed by several

researchers using different methods (10), (11), (18), (19), (20), (21). (29). (36), (35),

(39). (40). Mlost of these theories are cumbersome and involved. A simple theory

that displays the physical mechanisms of laser cooling and is numerically correct

in regions of interest is desirable.

It is possible to observe effects in the spectroscopy of a single atom that are

masked when the speotroscopic sample contains many atoms. One of the most

interesting exanp ics of this which has been observed is the phenomenon ao "ele--

tron shelvin,;" (3), (26), (33). In an electron shelving experiment (also known a<s

an atom am, phi-r eapriment), a single trapped atom is useld to dctLe~ct a si,.

Ir
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quantum jump. A simple example of such an experiment uses the 'V'

configuation. shown in Figure 1. Two lasers are focused on the atom. one excit*n,

a strong transition (Einstein coefficient A 10s-), and one exciting a weak transi-

tion (Einstein coefficient A 1s-1 ). The transitions share a common lower level.

Ordinarily the strong transition scatters about 108 photons per second, which can

be observed with a photodetector. If, however, the atom makes the transition to

the upper state of the weak transition (state 2), then the atom would stop scatter-

ing photons on the strong transition until the atom decayed back into the lower

state (state 0). Thus single quantum jumps on a very weak transition can be

observed. Other configurations of the atoms energy level structure have been con-

sidered theoretically. Some examples are the "A" configuration which is an

6N inverted '"'" (22), (32) and various three-level cascades (32).

One configuration which has not previously been considered, but which pro-

vides some interesting details is a four-level cascade in which two strong transi-

tions are coupled by a weak transition. This ladder configuration is illustrated in

Figure 2. One of the debates about the experiments involving three-level electron

shelving schemes such as the "v"' configuration has to do with quantum measure-

ment theory. Currently accepted interpretations of quantum theory hold that

quantum systems do not exist in any particular quantum state until a measure-

ment projects them into some state. The question is whether a period of dark--

ness, the absence of a fluorescence signal, constitutes a measurement which pro-

jects the atom into the metastable state, state 2 of Figure 1. For the ladder

configuration there are no periods of darkness. instead the fluorescence alternates

between wavelength _-, when the weak transition is not excited, and wavelength

-'3 when the weak transition is excited. A change in the wavelength of the fluores-

cence. .hrh is a positive siznal, as opposed to the absence of a signal for three-

Q '2
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level schemes. lndlcate a cuantum jump. Thus an ex;erimen: 'i-ing 7e a

configuration could resolve whether what is being observed ;S indeed a si:.-e

quantum event.

B. Problem Statement and Approach

The purpose of this research is twofold. First, in Chapter III. a simple theor.-

of sideband cooling, in the limit that the amplitude of the ion's motion is !ess

than the wavelength of the cooling light (the Lamb-Dicke limit), is developed.

This is accomplished by first defining the operators which describe a two levei

atom in a harmonic trap and writing the Heisenberg equations of motion for these

operators. The underlying assumption that makes it possible to simplify the

theor: is then made. This assumption is that the atom is "well localized". i.e.. the

uncertainty in the expectation value of the operator corresponding to the

particle's position vector. -r. is small compared to the wavelength of the coolin:

laser, so that 'r can be replaced by its expectation value. <T>. when taking

expectation values of operators that are functions of '. The equations of mot o

for the expectation values of all the pertinent operators then follow directly from

the Heisenberg equations of motion for the operators. It is then possible to deri'e

three simple, first order Bloch equations for the two-level atom in a harmonic

trap. For one dimensional cooling, a dimensionless displacement described by a

second order differential equation is defined. The problem is thus reduced to a s-t

of four coupled. nonlinear differential equations. one of which "is second orde.'

For two special cases these equations are solved analytic'aly. The fir. ,ase

the weak Field case. in which the cooling radiation is thcen to be suMicientlv i n

intensity th-at the probability that the atom is in the ground is very nearly umity.

This eliminAte, one of the foutr ,ouiplod fl flt equatins aqndt y,11, the
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complexity of the remaining three. An analy'-ical soiiutlon can theni e.

.' ~~The second case solved an~ilt!)tcallv makes 1-:e of an adiab-atczl-'m lr

Such an approximation 's useful when trying to solve a oupled set cf iiferenti'a

equations that can be divided into two groups. The first group cons*sts of ea-

tions that have "large" self relaxation terms. The equations in the second group

represent variables that change more slowly, than the varables described by the

equations in group one. If one is interested only in processes havinz tim-e constants

much smaller than the coefficients of the large seif relaxation terms. then ;,-,s an

excellent approximation to assume that the first group of variables adiahbatLca'!:

follow the mere slowly varying second group. One can then use the stead:. state

values of the first group of variables in the equations for the mcre slowi- ' -

second group. This once again reduces the number and complexity of eq--ioas

For both special cases considered. it is showvn that the amp,'tude oDf th .irnen-

sionless displacement decays exponentially and an analytical expression "r the

decay constant is presented. Decay of this amplitude corresponds to decreeinz

the atoms translational energy,. which is what is meant by cooling.

The four original equations are solved numerically using a fourth order

Runge-Kutta method, and the validity of each of the two analytical mcdels is

tested by comparing it to the numerical results. Exponential decay is -,-serv-; "
all the numerical cases considered, and a decay constant is calculated. Good

agreement between the numerical and analytical results is s en in rh o-eCe

the approximations used in deriving the analytical results are vaild. P'ots o, t!e

decay constant as a function of the various parameters o1 the fo1r c.' pd ,qi:a-

tions can be easily generated, and some represetaove examles of riiph t-ts are

presented.

%



In the second part of the research. contained in Chapter IV. the ducreset

signal of a sin$ie atom for the ladder configuration is ar.-lyzed theoreticallv. It

expected that the fluorescence will alternate between two wavelengths. and

A splitting of the weak transition similar to the Autler-Townes doublet seen in

the '," configuration (23) is expected. A dressed atom approach is used to obtain

qualitative information about this splitting.

The statistics or fluorescence are determined from deriving optical Bloch

equationz for the four-level system. The equations of motion for the density-

matrix of a coherently excited, multi-level system. in the electric dipole approxi-

mation are taken from the literature (27). The on diagonal elements of the den-

sity matrix. p,. are just the probabilities to be in the state n. Only three cf four

probabilities are independent since the total probability must equal unity. The oT

diagonal elements of the density matrix, the coherences. oscillate at the transition

frequencies between the two states that they correspond to, in this case optical

frequencies. Since csc*llations at such high frequencies have little effect cn the

probabilities, slowly varying coherences are defined so that the rotatlng wave

approximation can be made. In the rotating wave approximation functions oscil-

latins at optical frequencies are replaced by their time averaged values.

The resultinz equatio-,s of motion are solved irst in steady state. The stealy

state s'olutI n is comparei with the qualitive results obtalned from the ,:,ss.,

atom p'-m . 1L iitl.. th , . .iC .I'tiO-I;S for the fou:'-level i:9:. Ilvel in

an adbi a i, - x:r, -,:ion. The adia atic approximion a iori:.. huen
because the Iiioei:i: A-\ cuLfibcients appear in self rela:arior ter:s fr ?, .h tK-

prob:,rliti- 1: . t >wv,', varying coherences. \\e have sc<fiOJ ' -Ii :

sitions .ri ., ,,t two of the A coefficients involved are very 1ucIII' lar-1-,, t ,: tl-

third. : i slwwn that eventual!y all of the v: r i ..> , ,-

'I7

*1IgIl



adiabatically except one. The remaining variable correspcnds to an inversion on

an effective two level system driven by a rate process. The theory, of two leve!

systems driven by rate processes is well understood (9), (23), and the statistics of

fluorescence for the ladder configuration follow directly from previous work 9i.

(23).

.
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II. Backgroundi

A. Laser Cooling

1. Experiments

In 1980 Neuhauser. et al reported trapping a single barium ion in a Paul

radio frequency quadrupole trap using laser cooling, and holding it in a volume

with dimensions of 2gum (31). The Paul trap consists of three electrodes: two cap

electrodes, shaped like hyperbolas. with a ring electrode between them. An cscil-

lating electric field is applied to the electrodes. The trap is illustrated in Figure 3.

The potential created in the trap space is

V(.t)=V(f)cospt =Vo(X2 + -- 2z-)coSft,: t (2.1)

where V is the electric potential. V0 is a constant, and Qf is the frequency cf

oscillation of the electric field (11). The origin of coordinates is at the center of

' - the ring electrode with the z-axis running between the two cap electrodes, perpen-

dicular to the plane of the ring electrode.
I

A Paul trap, which has an oscillating electric field. was used instead c f a trap

with a static electric field, such as a Penning trap, because static tra<ps n t ui:,

both an electric and magnetic field. The magnetic fic-, c:ics a 7,'ma:

which is undesirable for high r(>-olution spectroscopy (11). It has V ':i sh,,w: IP

*; that the time, varying potential of the Pauil trap is crjliival.7,t to a m n,<

d,

"P

- .
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d-ent effective potential given by

V(f ) (X0 2 - 2 (2.2)

which is a harmonic potential. The angular frequencies of osc'llation in the tra-p

are given by

vZ =v V : = (2.3)

In the trap used by Neuhauser, et al the spacing between the tw,%o cap elIec -

trodes was 0.5 mm. and the inner diameter of the ring electrode was 0.753 mm.

The frequency of oscillation of the electric field. f was 2,- x 1SN,\Hz and the

* angular frequency of oscillation of the ion in the well. in the X and Y directions,.

v., was 2.-, x 2.4\MHz. A barium atomic beam was injected into the trap fromn an

oven and ionized by an electron beam. The ion was thermalIzed by allowingD

helium buffer ga-s 'into the trap at a background pressure of <10'~ Torr p30). A

laser tuned to the Ba' line at .493.4 nm was shone on the trap. and xhen a

barium ion wvas present in the trap it could be observed visually by f'luorescenice

(3 1.

N The 403A- nm line for Ba' Is a transition between the ground 625, stte and~

an excited 62p., state. For the purposes of cooling the ion. thle las er was tuned- to

a frequency below the resonant frequjency of the transition by an amount-. v.On

third of the tlrne. the ion spontaneoulsly decayed to a 52D 2 ' ect'

* ~~~State* insteal f t he grouind State. A second lsr.ti ncr

transl tnjn a 6.10.0 inm ',:ert the ion fromn sitting in the A--a

enerv le~i ~igrtm shsow n ini Figulre -1. Both lasr ean e e'

b~twnri V rr.; !' 11i an one, -f the Cap ectos.a, a a111 > V



6P3

S614.2 nm

.\5 2  )5

62 S,

IT I l~~rgvI~eej II:~IarnI>) ~ t :11 (2S ).

12



2. Laser Cooling Theories

The idea of using laser light tuned below resonance to cool at:nms x.:s

proposed by Hansch and Schawlow (17) for free atoms. and by \Vine!and an,:

Dehmelt (3S) for trapped ions. There is a fundamental difference between the

laser cooling of free atoms and trapped atoms, at least in the Lamb-Dicke 1*-':

Laser cooling of a free atom takes place because of the atom's Doppler shift (17'.

For a running wave laser field. when the laser is tuned to the lower half C.e

atom's Doppler spectrum. the atom is shifted into resonance when it :nve

toward the laser and out of resonance when it moves away from the la-ser. I'h

atom radiates spontaneously in three dimensions, then the net effect of abs.rrin

photons as it moves toward the laser is to slow the atom. while the net effect c-'
{

absorbing photons as it moves away from the laser is to speed the atom. Because

of the Doppler shift, the atom absorbs more photons when it is moving,. toward

the laser than away from it. so the atom is slowed. Laser cooling of fr e atoms

and atoms in radiation traps has been treated extensively in the literature (2 5

(2.3). and will not be discussed further here. except to note t-a

in reference (S) Cook uses Ehrenfest's theorem and optical Bloch eTuatiols to : n.

with atomic motion in resonant radiation. The method usedl to cme up wi, , a

",simple theory, of side-bandccoling used in this work can be though: of a....

extensin of Cocks e to bound atoms.

A Dopple-r shift pTt-ur-' is a good physical description of th c.,i:: c"

trat I a !11, !cl -. the vilr ne to which the Itom is , .:1ne is l> . :::-

, . . .,......... , of the ccohpnp 1 ' w,,ver -

[' 5 ,ir, r,.>y ., 1, I' '_ . I l~.r- cc.uli:ni of" trcpprlt lie s in this litmit. th l an .: l-I).<-



Lamb-Dicke limit takes place via side-band cooling. The electrcnic levels of -e cn

are split bv the energy levels in the trap. For a harmonic trap these .-s are

evenly spaced rzL, apart, where v is the angular frequency of oscillation of the

atom in the trap. Figure 5 is an energy level diagram for a two state atom spilt

by the trap levels. The spectrum of the ion then looks like Figure 6. with the

central peak at _-O and sidebands at -mbOrn, where m is an integer. When thn e

laser is tuned to a lower sideband (a-O-mv). the ion is excited from the 1jZ >

State ground electronic state. nth harmonic oscillator level) to the .n7-2 >

state (excited electronic state. n-rn harmonic oscillator level) from which it

decays to Ig.n-m >. Thus. the net effect is to decrease the expectation value o

the harmonic oscillator number operator. n >, which corresponds to cooling the

ion s secular motion.

The theor" of cooling bound atoms, and specifically harmonically boind

atoms has been treated by several groups. Stenholm, Javanainen. and Lind'uer-

(19), (20), (21) have worked in this area both together and separately for many

years. Reference (21) used a density matrix approach to deal with the final s

of laser cooling of harmonically trapped ions. This approach involved couple'

equations for all the harmonic oscillator states which even in the Larnb-Dicke

limit can mean hundreds of equations. These equations can be solved numerlcz'',v

for p articular cases cf interest. No attempt was made in this approach to deter-

mine a cooling rate. The parameter of interest to these authors was the mindmu m

tern] perat ' ,-hievable at t!he limits of cooling, which was plotted sz a i

the d unin' f r one ret 0f p arameters (21). The minimum t em e:t

ae 0v_3' ,:r t h e . : 1; an ro:,rn t:;i equal to ninus the av)r 1:,h:,-,; 'o

oscill itlon in the trap. Stenhclm has compiled a review of la-.r ,ooli n. t hee r: (2

that .... Nir> an " iIi or " h:
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\Vineland and Itano (IS , 29. 3 and. more r-cently. W\lne2iani,_. 1P'nc.

Bergquist. and Hulet 4O) have used both energy rate equations and,-1~ m

mechanical perturb)ation tneorv to calculate minimum energies of 'C!117 -

dEj dt. where Ej is the energy of thle Secular motion along one of th)e harmo:

oscillator axes. In references (iS) and (30'. the limiting assumption ismad e a

Wthe cooling transition is not saturated. These author--. like Stenhoim. et a!. are;

chiefly concerned with tie minimumn temperature achiev-abcle by- laser coin.an

they do not calculate or plot rates of cooling as functions of the variouis -arame-

ters of the problem. However, where possible. the functional form of thelir expres-

sion for dE dt will be compared to the cooling rates derivedi in Chapter 1111.

References (.30) and (40) deal -with the limits of cooling in both radic-1'req,,,,nc'.-

quadrupole traps and Penning traps. The authors conclude that cooling to tne

zero point energy., should be possible, that is. the expectation value of the hlar-

monic oscillator number operator, n =< i >, obeys the relationship. n < <1. Theyv

show quantitatively that it should be possible to detect when the ion has reacacci,

the ground state because the intensitv from the lower sideband should ais.A

qualitative argument that this would be the case was made by Wells in reference

(37).

B. Single Atom Spectroscopy

1. Theory of Electron Shelving

The idjea of e re< ro 0-helvin 11 as Si~ 1_1e§t~ 1 , DI .:1 1 O

sceefor inJ-:1in; mnore nicurate, atoc rcc~ks (2 3)). It w a's mlt 111,711

ok Iiml 0 irt iheoreticaIlly rae the stati~twes ct, th 1-p <'>

~ ~ ~et~ t'I'> '. c; ::2; I ~ (172hr o~n < 11



paper used rate equations and lcoked at the case c: inco'nerent x,::atic'. Ths

paper predicted the fluorescence from the strong transitron would f -ash on an..i or

h prcducing a random telegraph signal. The statistics cf the fl ..r... '

the distribution of on and off times and the two-time intensity correlation

tion were calculated. Schenzle. DeVoe. and Brewer (34) used a quantum sa- :*:t',c ',

approach and calculated a second order correlation functoen of the flucrescence

intensit" to show that a single atom undergoes "large flucuatIons Ierween a -- a-

of full emission in the strong transition to a state of no emission."

Coherent excitation has been treated by many authcrs. KImble, Ccck

Wells (23) showed that for the "V" configuration when the strong transiti on !

highly saturated, the excitation of the weak transition can be treated as a rate-

process, so that much of the theory of reference (9) applies to the coherent case.

Cohen-Tannoudji and Dalibard (4) also treated the "%V" configuration. Using a

dressed atom approach, they also showed that the strong transition fluorescence

would have bright and dark periods and calculated the statistics of the fluores-

cence. Schenzle and Brewer (33) used photon counting statistics to arrive at the

same conclusions. Jav',analnen (22) used the quantum regression theorem to calcu-

late the photon-counting statistics for the "A" configuration. Pegg,. Louden. and

!night (32) treated not only the "V" and "." configurations but also two three-

level cascadles, one with the upper transition as the strong transition ano l onie wh

the upper transition s t re we, k transition. They arrived at the eirroneol coun-

clusion that there .ouir I.,e no long d:r1k periods. a-rechi. ct '1 (1e tw- 1,

for the rirrc.es ,ef a fre~i':r,::o standar. a'- o.ilsc:d ex, tt ien t,-12 :i::i: ,

a l.2lcl.ar,'l a

I.%
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2. Exeperiments That Demonstrate Electron Shelving

Experimental verification of electron shelving has now been repcrted b

groups of researchers. Using the same experim.nal arrangemnentSz a_ ror -e l

Neuhauser. et al paper (31), Nagourney. Sandberg, and Dehmelt (•2S , have

observed bright and dark periods in the fuorescence of a Ba' ion. The eneroy

level diagram for this experiment is shown in Fgure 4. The 52S is the grouno

state. The ion was cooled via the 62P2 to ground state transition by a stabilized .

single frequency" dye laser. As was mentioned in section II.A.1 there is a one n

three chance that the ion will spontancuslv decay to the metastable .52D 3 _, state.

so a second stabilized, single frequency dye laser was used to keep this leve'l clear.

The shelf level was the 52D5 2 level reached via the 62P3  level. The branching
ratio for decay to the 5'2D level from the 62P3 ,2 levl ws 1 3. The lght source

used to excite the ion to the 52P 3 .2 level was a barium hollow cathode lamp. an

incoherent source. Figure 7 is a plot of intensity versus time from reterence ('2').

Note that when the ion is in the shelf state for this configuration. there is no

resonant radiation driving the ion, so that the only way for the ion to leave tne

shelf state is by spontaneous emission. The length of the dark periods is d-

buted exponentially: makInIg it possible to directly measure the spontaneous decay
lifetime of the .5D5 .2 state. The spontaneous decay lifetime measured for toe

.52D .2 state wa. greater than 30 seconds.

Sauter. et al (3:3) have done a similar experiment with 1- making ,be 1fL' a A

con a i 'n Fi,-,,re S. Fioure 9. from reference (33,.,. i a plot of

cnPe V '.. _:s t i I- for a .in-. tr: opel ion.

t,,r=t :- e' i nr , (3) have perform::l a ver;: siiroilar , e:cx ' Ti,,pt osr;g; a ,'

ciry ion. T!;'ir rX'mr'irnerrt_.c, ual u-e a 10 cn1Lt,.ll c l-'r IC)
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from reference 3. The '11e:lme of -he sh° lvln • tate is •about .1

shorter than for .Na.urne.. et a> F!,ire 11(a) s a pct c t e ... ::,c.

,without the "---"--" a er turned on. The jur -rs in the 'cure:. ,e e

off re onance transIto ns caused by the "stron," transition laser. Fiure 11

plot of the intensity for a singe ion in the trap. Note that there are two "

inteasitv. which corresccnd to the atom on and the atom off. Figure 11!:) a

plot of the intensitv for two traped ions. Noe that there are thr cr:

levels of intensiv. which corre.spcnd to both ions on: one ion on. one on o.:: a7

both ions off.
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Il. A Simple Theory of Sideband Cooling

A. Theory

The operators which describe a harmonically trapped. cooled. t'.vc-lee! .

can be divided Into three groups. First there are the operators which describe the

center of mas motion of the ion, -r and . In the absence of any driving fore

the equations of motion for these operators are determined by the unpe'turbe:

hami!tonian for the translational motionI

.. =-(p, p,p:)-, ('Y;- ii--,:-), (3.1)

where v,.. vy, and v. are the frequencies of oscillation of the ion in the x, y. and z

9 directions resoectivelv. Next there are the operators which describe the intern:-a.
motion of the ion. For an ion with only two states. I1> and 2>. these opera-

tors may be taken to be

>= i><2 I, (:3.2-)

-
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The hamto.aan :'r :he unperturbed internal motion reads

P11 = -' 3, 3.3'

where -o 'S the fl-ruen-c: cf the transitlon ' eteen states 12> and I I,>.

there is the interaction between the laser field and the ion. A clasicalv

prescrbed field --Su'-ed. For a classicallv prescribed Held, in the electric :icle

approximation the interaction hamiltonian is

H E, =-#ETt). (34)

? Here .. , is the applied electric field and " is the el,,c.ic dipole operatcr for a

two-level a.om which may be written as

(3.3,

where =< 1 ]712> is the dipole transition moment. For the purposes of this

paper L7 is assumed to be real. For a running wave laser field. r(-,t) can be taken

to be

-- (-r, t)= Ecsok T ,:t ),(.)

wnere T--7 is the unit polarization vector. If it is defined a s'. then H, s i er.

b%-

H' =-p E(<-&-;)cos -.- t). (3.71

The total I'Imilt.lii~t of the system, HI. is

, 1 1H=,tT +It! +11 . (:3. S '

HH"-- 1+

* N

- or.- le.. .



The He.enbe,, equation- of motion for the operators 7. ". '. and ar-

om

- = (3. 9ba

Sd t Itr M '

,' ~ ~ ~ ~ ~ ~ ( d-_ n( ;e. Vuy u"-2 .V -'"z (2++"ei - ."-(' 3.0b )

"i dt

=-i '((3.9c)dt

d" (3 9d

At this point the approximation is made that the atom is well localized. th-

is

Ar =%N/I < -> < ->-<-T-> I (3.1o

is small compared to the wavelength, X=-.'k. This means that when takin-

expectation values 'r can be replaced by <-r> in sin(7'-r--t) and coz lk---zt

The equations of motion for the pertinant expectation values become

d - (:3.11 a ,
dt rn

_," -_*~,ze m ,a3 .] +,e)_P EJ(r._ )i ..~ t.(:3.1 1l:

r% ~~~( ,2--, 2--k

d t

| ~ ~do , -- L , . E .-
= --t , o-') ' z -- - a ca [k .- -- _' ),(3 . 11 ,:

d t'

I k



d t v

where -<--r>. 7=<p> 7=<j'>, (- 3 =< r3 >. Spontanlecus emission has .-: be~n

included in the Hamiltonian. Spontaneous is included by following the treatment

of reference (27). Including spontaneous emission will change equations 3.11c'

and (3.11d) to

d o, . .. 4E -7-
dt

d tT3E (3.12a

_ 21'- o (31 b
dt n

where 3 is half the Einstein A coefficient.

It is convenient to introduce slowly varying Bloch variables , . r and ,

defined a

U e=aC +Ole (3.13a)

v w= = (3.13c)

In the Lamb-Dicke limit (c7< <I) we may expand the trigonometric funct'cns in

equations (3.11) and (3.12) to first order in the small quantity '.-'.

sin(k- -- ,'t )=Sin(. cos_:t--cosl A:.-7)sin ' t -- s-n --- , (3 1 1a
2ts ,fro-t- n ' (3.1-ta'

',$
.- t,

S,

im1

.h

1 ;N 2
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cost .< =-- '----in( . ->' in't -:o& : T',cco..t -- ,: 7'sin .. t -cc-zt. 2. I->.

The equations cf motion for the Blcch variables and " become

du-=-3u - .':+ 5 "-"sin, .t-s n --'t/. 3.15a

dt

- -3 +P(' fsin2:,t -2cos2-t , .3.1.5

- - s - t , 3. 1.5,)
dt'

-kt - 7". cosa.t-t -,7-sin2 -&t - ;cu . )sin2Uzt,

where A=_& -, o is the detuning and 2=jiE r is the Rabi frequency.

The terms sjflt, cos -t, sin2t ., and cos2ot vary much faster than t,. :..

and 7 so that only their time averaged values have much effect. In the rotating

wave approximation sin-t and cos-.t are replaced by their time averaged values.

522. Sin2,.:t and cos2-,t average to 0. We consider cooling of the z degree of fre-

dom. that is T' is taken in the x direction (k=k, kv =k =0 and u, =. Th eci-

tions of motion are simplified by introducing the dimensionless dsp1aceoe:

s=kx. The equations of motion become

du(3la

dt

30



"- d t

dt
d2 , . . (.. U-

wher r- ,--,' ", , .....

d~s
dt

., w=.,xhere ...2n '). This set of four coupled. nonlinear ,K,-ren ::a:
2 describe -he :cci'" zrccess wihhin the approximations lven aoe,

The steady state solution of equations (:3.16). u0  . w>. an1 s..

(L.amb-Dicke limit') is

a-, 
,

.1 *o .1--

- 0)

•3.17

-q Rk2 3 2
(32.'

So= 2 2  (3. 1"
S l (3-+-

Other solutions to equations (3.16) can be written in the form

,".f '(t)=fo0 f.,(t0' (3.1S

-,,hr,  h:..s a steady value of zero. \Vhen solutions ofr th is Vrm -a s -

'a.

,

:''
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tuted into equation !3.16) we zet

dt

dw-I AU, -3,-- rQ ,  (3. 1gbdt

d w t

= --. 30 SoU: + ,;os -OS. , )-23 '. --. : P s:. (3 .1 C
d t

cVS , .,

B. Special Cases

At this point certain special cases will be considered wh,-h can eel

analytically.

1. Weak Field Case, f2<<3.v

For this case the atom remains near the ground state (,'=-1) and we --an set

w:-l. ,w:=0. The remaining equations are

duidu-_- 3 q +..h - s, (3._ "

d vi - AU,-3u, (3.201,

dt

}9.)

33
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s =uo-Y =-1C S0 !1.: "'t .3.20c
dt 2

The terms on the -r=ht in equation (3.19d) are linear in .2. I':=-,zk2, 2

Also. since ?, IS inear in P. :s quadratic in P.. The dominant term in em'o-

tion (3.20c) IS !1, A solution for .s, of the form

is asumed. If cce ,-cients s,(t) and s,(t) vary much more slowly :h. 0 . n
L • ... t 4-.1 * j 2

sin .,t so that doL dt2 and d2s., dt 2 can be neglected with respect to -d1 . a.d

2'ds, 1..hn equatIon (3.20c) becomes

ds ds,
_--- cost -- sin t )=-K sou t  "u 0(S'cosvt -. ssinLtt . (3.22

dt dt

Defining ' =u,-i', the equation for is

(3.23)
dt

The solution of this equation is

£ 0=

(t)=--Q f e s, (t)d to. (3.24)

If -i and s.t vary' much more slowly than e- then they may be removeI

f'rom the integra. which can then be evaluated. The result is

-' { = !, l " 
3cos 't (1 i -1 (in , 2(l-i32+(.+ 

-)2

--3 s t {1( -i.z(~~) (  b , ')](,..':'

* 33



m ~~~~3sinvt l-i>--. .. .... ,.- Cc5V ' l-'

Noting that Re and -cr' su stt;t e.r. an:

into equation (3" "2. and equating he,-elc,e,:s ,- sinzt and -st. the ecua:;cns

for s1 and s. are found to be

ds,
(3.26adt

- .s:-- s,, 3.26b
dt

where c and 7 are given by

t k2f)2 [3-4 -- v 5 2 AI)~ 1[ fe= (3.27,-,

.m , 32 --.- ,)2  32-,-

The solution of this two-equation system has the form

sj(t )=e-t (.4 sin vt -Bccsvt), 3.2Sa,

s2(t )= - ' (Bsinvt -A cosvt), (3.2S5

where .4 =-s.,) and B=s1(0). Thus the equation for st, equation (3.21), becomes

,; ~ ~~~~~~~st (t)=---e- '  A sin('-,I) t+B o("- )t.,3.

which is valid whenever: 1) 3>>ce,-, so that the removal of s, and s., from t-

integral of eauation (3.24) is valid: 2) w>>a.-; so that neglecting is. i ani

d-s., 2 in the derivaton of e.-_aion 1 (3.22) is vai i: and 3 3>> . so that , ices

not d*if,,e i:ncant>:. from-1.
%..

,,./
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2. Adiabatic Approximation, 3 Is The Largest Frequency

A more general case which does not place as strong a conditi.on on 2 and

to assume that 3 is much larger than any of the other frequencies in the problem.

The Bloch variables as well as s are assumed to have the form

f (t )=fof 1(t ')cost'f .2(t)sinLt (3.30'

=fo-*Re'F(t)e ' ,

where

F(t)=f 1(t)-if t (3.1

% When the second derivative of S as well as the nonlinear terms cf ecua(ofls 3.13

* are negligible, the equations of motion for U, V. It. and S are

4.U,'r ' dU( (iv±3) U± +.s_. l-o- 2w0S. S.:32a,
;d t(3

dV
d VP -P.V-(.i 3 ) VW2. S. (3.32 :

d dtd
:.% - 3.32 c

tdt i

:: : ~~their steady state values much faster than S. and at any time the vali,.s ,t

, . and lY in terms of S' can be approximated by, setting"[ d :: ,:t zr
"" " : dt dti

,,.

* 3.5



and Solv nz

V3) -A [-2L

When these values for U and V are used in the equation for o we get

dS (3.34

where ,a an:- are given by

.'.* tk 2 f22  D 1.NI-D'\"" ]C m [" (3.3.5a).,4 m V D 2 +D.2

Th" [D, 1 D. __I _ t k 2 Q 2  D .' ' + D .\V ,2 2, ' -

S" -. (3.3b

and N 1. -\V, D 1. and D are given b'V

A\1=23"woso-232.,wo+3uo-v-2W0 S0 , (3.36a)

.V,=L2QUo-,Awo33wos), (3.36b)

D 1= 5 32+.'+ - , (3.36c)

2, Do=23(3 + + ,'2.rr-2-). (3.35f)

.-ks can be seen a is a..i l a decay constant for the amplitude of s., and a is a t're-

I

'. qupnec" shilft. These eresio for a and ,,are valid whenever they. ire mijch less-

. C. Numerical Results

, The ge'nra:l eTutiorns (3.16) , l ins. jcon Il..\ g!~re " , ..

cal-v fr a varietv of in!tid v all,% and f'qu., nci, l.in: a :a nr -i " .

"" ](:l~I~ ttaz rtl:cal, - l . "1W>i ao..,,. canya.;:,rl-~: t) :t}. i:'ti,:1] :-..' ;< ,.,

".)r.



here for special cases. The Pascal prcgrams used '*or this are listed in :-e A.-:en-

dix.

b \With .=vt equations (3.16) take the form

du 3 f Q
.3.37a'

d - 3 Q (3.37

• "-" d " 0# / .

dw -' ,:)-- ( 1), 3. 37 C,

d(3.37-

ds 3

dq = ( S+ - (3.37e

In all of the calculations k was assigned a value of 10 7m- and in .%as ass!nec a

value of 10 ko. These values were chosen because this k is typical for ".sib ,e

light, and 10--Skg is about the mass of barium.

Figure 12 is a graph of s versus time for I105. 3=10 s'5.-A-10s, and =-5:x10 4 .

Figure 13 is a graph of the natural iog of the amplitude, A ='.s -s 2. of s.

versus time for the same values of L, 3, A. and 2. In all cases the Li A versus

time plots were linear, indicating exponential decay. A decay consta:

In4 (t.o-In A (t1Ce= - [3.3)
t.-t1

vas calculated.

Equai: n (3.27a) predits a valic for -I xh-n 2 is small. 'l1Z.r, 1t, .5. a ,

16 coinpare 0r ca!culated front equatia (:3.27a) anl ( • , ,.

inte,_ra rm; o. eq ations (3.37). Figure, 1.1 is a plot Of vo r' y is A f-r -=10 , .-1=1",

and Qs.5xinOh W s-e, that th- cooli: rat i. a a: mix .. fr A>-.'. .>-. t I: a'

Sa

4'.
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the cooling rate becomes negative. which corresponds to heati... w ., 0. F:-

ure 15 is a p"ot of a versus 3 for L=10' . L=-I.5x10>' . and 2=.5x104 .N,'
maximum ccoilng occurs for 3 'w. Figure 16 is a plot of a versus 2 fc-r

3=105. and ",=-10'. The conditions under which equation (3.27a) is valid ar-

.S that 2 be enough smaller than 3 so that u, does not differ appreciably from -1.

For the values of v,. A. and 3 used for this plot. there is good agr -emen- ,,

P<0.43.

Equation (3.3.5a) gives a value for a when 3.v> >a,-. Figures 17, IS. 123

compare a calculated from equation (3.35a) and c obtained f,m nuerca

integration of equations (3.37). Figure 17 is a plot of a versus Ior '=10' 3=10.

and =10'. The cooling rate again becomes negative for positive S. Fgire ! -

"-: :, plot of a versus 3 for v=106. A=-106, and =106. Again maxim' .1 '-g ocu0-

for .Figure 19 is a plot of a versus 2 for v=10' , 3=10. and .=0. For

larger 2 the two curves again fail to agree. but the value for a calculated 0,r-,

equation (3.35a) does reach a maximum and begin to decrease. This wr.

- "" behavior agree: wih that shown by the numerical integatcn. Equaticn (3.)7n

does not exhibit this.
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IN-. Single Atom Spectroscopy,: Ladder- Configuration

For the four-level sy-stem shown in Figure 2. the fo1'3wing as: tn :2:

the Elastein A cce~~clentS and the dipole transitilon mnoments between tevr:

states wll be mnade:

'4 1< A 1-A 2 (41

which im7nlv.

1r p~U30. P~3 1 -L 0 O (4 .2a)

P-21 < < PO.P3 2  (4.2 b

In addition. kiw' p~j. and p w-, be taken to be real. The applied elee-tric -Iel

as-sumned to have the formi

with comipone-nts: at frequencies -'2. and -* near to resonance. withl the hr

-~~ transition frequencies .z 0 2~andH3 respectively1..

A. Dressed Atom Approach

A simpile picture w~hlch sho-ws somne of the qai t.e:ia~S~ 2 ai.

con~cuatv 1<I the 4'.cj'atom1 apoah.\Vthoi:t :ota.:'

ii,11nilroi- aTri x fo -r this system ill the' roatne aeaar::mt

di azon al (2-1) -when the bass tates ar: 1I the atomi ina the ground stat "t

photons~~~ ~~~ r' rqeaI s.n hr:.scl&.ad n3 hv~

* 4V



-,state jOn .n,.nz3 >: 2) the atom in the Hrs excited' state an: -! :no'tcns

frequiency .etc.. state I n 1 in 2 3 .3) st ate 12,n 1 1n-. 3 :a:- t>

3.n 1 1.n~--.n 3 1>.A represent at ive block is

o 0L 0
0 ~i2 -V2 'P f2.P'0
0 0,L2  1-32

where Iis the identity matrix and

(4.5 c

are the detunings n the various transitions. and

P ! (.46b

are the on-res!onanice Rabi frcquenciEc_ fOr the three transitions heing cnirI

This 'is a nearlv degenerate sv!stem; the differen'ces inM e~ betwxeen thestae

being just tr times the appropr"ite _ S. The dsedstltes art, tlh2- sT-



obtained by diagonajii1- the Hamiltonian. The -aessed state enter,:e a-e

Ei =E, . ,1X, 4.7

where the Xj are solutions of

, 4>

4 4 -16

For P%=0 and .-_ ,  the solutions to equation (4.S) are

SM 4. a,)

V
J

' - .-"-, o s
(4 9:

X 4=+ 2 3  (4.9d

These V's correspond to eigenstates for the characteristic block of the t{'11",cn;:.

,- . matrix. The transformation matrix between the old states and theseeinenstzes

2 iO0 1
T= i 1 (4.10

0 01 1

.1,

This transformation diagonalizes the Hamiltonain when 5!. -53=0 nI .. =0. \\1.e=

* the Hamiltonian is dia-onal, the basis states are statlonar', that is t.:.r

Ak transitions between thern. Fiure 20 is an ener'v level , fo '.'

K- !f2 states. If .- is tur n,' on, there xill be tr1!1n s e .,.: tl , .

* .svstern. ,h' t rc~t': n frcu'ercv l};;oe ' w .p st'to 1i 1 n -In j).. ..U: 2 "::- . .. '.

bI i" 21 T 11 1 ~T~ lh t (I (rS, h < :!;j *
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: eta! what the -- aracter of the :crescence wi be. it to t rn to tr

otical Bloc - equatirns.

B. Optical Bloch Equation Approach

The strategy we will use to extract numerical information a-cu t ten u'zres-

cence. such as the average dwell time in the upper two 4tates. is siia',r r'

approach taken in reference (23). Reference (23) deals with coherent exita'cn

the V coniguration. In that paper the authois show that unier certa ...

conditions, excitation of the weak transition can be treateu ' ae - e

viewed over ccarse-grained intervals of time. Being able to treat th'

the weak transiticn as a rate process greatly simplifies the 'na"sis o.

of the fluorescence. A similar proof will be given for the Ladder 2cn:: ir..t'"n.-

1. Development of Optical Bloch Equations

The equations of motion for the components of the densit%-matrix. . . c"

coherently excited. multi-level system, in the electric dipole approximation are 27,

dp ,_dP, - ri4rP + 2.4. P.1E(t) ia
dt dt ' ' ' Pr A' rn '

dt dt r<n r>n r

for n m. an:!

d p, E(t)
d t r"m < nr < 1 ".r

rfrr rrir -h-

' "fur n - rr. where 1., is the proht.hilitv: t:; I, in" tK.! : -''.. Tl- !:.

' .. . " . , !:. i : :.. : ::! 1 ' :.. -. : . ,*



yenien: to ",vcr.k -v-hh the slowly yar-in, coheren-,ss. 7,, defined by the equatlens

poi oie (4.12al

i (4.12 "

(4.12 c

S1o (4.12d.

O13 ..... 013 4 1 e

p 3 =-a72e (4.12 f)

We shall also work with the inversions

wi,=Pio, (4.13a)

-P 1

'a.
"* ,w2=P-P1,(4 .1 3b)

w 3 =P 3 -P, (4.13c)

and the probabilities

P-=Po+Pi, (4.14a)

P+=P2+P3. (4.14 b)

Note that P is the probability to be in one of the lower two states and P_ is the

probabi.ity to be in one of the upper two states. Consider two cases: 1) vhen

P_=i and P+=O we would expect to observe scattered light of frequene'i

-when P_=O and P_=i we expect to observe scattered light of frecv & . :.

an actual experiment. the status of the system will 'e constaut . , ,

time scale which is short compared tn the rate cf ch:ance f1 : _

from the Sbcrodlinger equation, so that c:aie 1) or 2) will alw:', I pl, .

system will eb ance ahr ititlv Lc~wy'. the: t'.o, il i i.> pi:,r - p:,: v :

- a ~" r. 'rV C '~ ' w* rX ~.N.- 5'_Or,

,, - " , -. " . , " " , " " ",' ." ,' ' ' ," w - ., .k '-,',, -, , ' , '3 " -2 " - , '' Z .''" ,','o .-
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1 2 1 4

'L- A 3 .2 IT

d" - 1- 2 t" 3 -1-- "l ?'I _ 1

dtd

dc70 3

4 ~dt- -



S d t

d t 3. . . -. -

dP. dP-
~~~~~~~~~d t d t - . ._ P _- -- , .r_ -T : .5"

2. Steady State Solutions of the Bloch Equations

We will first consider the steadiv state solutions to eq ations (4.15). F -

braic simplicity the detunings on the strong transitions. -i% and i wll be set

zero. We will define the complex quantities.%'I. .., -\'3, and .\4 as

'1=A 21 +2i , 4.16a

.: ,'.2 =4 3 . 2 ,' -1-.,, (4.16'

I .N4a=A 1 -,A , -. 2 . ,, (4.1 6d)

The system that must be solved for the steady state solutions of the cns n ter-

of the Iri's is
A 10  1 2 0 0 0 0 0,

iQ., 'v 1  Pm 3  - i Q- 0 0 (702 10

0 if 3  'v, 0 -1fQ 1  0 u"0,1 0
o -, P 0 V'3  of 0 U2

0 -i 1  3i 4  (79. 0
0 - o P - ,-1 3 '2+- 2'7

The sz<a sr. , r,:ions for the u, depend only on thei n

,, ,

7". ." t



2, 2_(-.2_ 
2__., V4

-2- 3 \%4 - I2 3\= r p 21,

j 2 1 3 2 A ' n"2 2-2 , B n & 2 f- 2 :: - :.
~2

7A1.( 3 - 3(2 - 4 3" ' 1 022

0

-~-1

'. 2, 'r

,0 3' 4)

2 S1 0 -- 2 2--\ ,,2

3

-,.1--- .%. 0 f P3 - -\ \ ' .. 0(-2 + \ z\

_-Uf ~(. . . - .\ ,- . )( . ,.
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:'e-e D 7he ie erminant ofthe matrx in equation 4.

.... . . .. ~- ..13 4 . ;

H i . . . . o - 4, 10.- . . o ? .

In ar~x :cr-n equations . are

0,. -_ -21 -2-2 - -234.20

a-'3j [:31 :32 33  t '3

'" where ,he ;js are defned by equations (4.1S). Tak>" ,  . one may "

the equat'ons for the steady state values of the u, 's 3

',', 1( - 2 Q-- I y Iy ,21 =),v -, -41 -2 Q I y 1. - fl 2

+(',A 10-2 P +ly 13 ,( =i.:0k:)4.2 1 a)
II

+(A1-.4 l-A 32 ,) +M t --'P, iI3 , ' L ,,"'421
1-n

-- -~~~~(A1 -- A 21-~ +2 111 3.4 ~ 3~l

la*2. 4 2V3.A A - 2.

I

V:

,'-' . --..-..---.-..-..--. t-v-.-' ..." v.. ".....................,.. .- ......... ".. -A 9 ,"



2t .. -.,_- /3Y ' s= L4 . 4.2'Y 3

or in matrix :crm

all a1 2 a 13 "1o--.21

La l3 a3. a33ILX3J .4 2 31 --t

where :he ah 's are defined by equations (4.21). \Ve defne A as the determbar

of the a1j matrix. The solutions for the w 's are

ep

-,21 (a 1 3 3 a 3,a3) - ' a 2a 3 2 a a 3 2)- a 1 2 .1-22";~ (4.2)a

+.4 3 (('al .'33-a 3a.)-'-(a3 a,.s-',a a33)' ]

.2A [.4 oI(ala 3 -al 1 a 3 l)- 33a1-a

--4 3213"1 3 31 - lla 23)-' ( a 1 '33-

No 0 ....

4': - .- .( (2 2 1 1'32 -22 3I -- ': 1, 3I 1- 21 .3 j

S.-

. -- .  - -  (. 1.,

14t



-7,t,% MT.

Let us now ¢c-..s er ,the steal, vai'u'e ::" P_ as a f"n.t.on ,- a _ -

Pascal Dr-ra: >sred in the Aczendix. Pa va ,,1 .. as a : o, ...
various values of 2_q . 2. and .. Figure 21 is a plot of P_ versus , for .4:=10 .

-. ,,=I .4 3 =l .25x105 =17. 2,103', and 9.,=2x107. -ote the peaik:s in -

trum of P_ at -3) and = £i-.-q)which ag-ee with the -iressed

I states results.

3. Adiabatic Solution of the Bloch Equations

V., .-A more useful approximation than the steady state solution is the aciiaba::.

approximation. To determine the statistics of fluorescence, we are lnte- ",

how P__ and P vary. not so much in how the coherences and inveri-ns on toe

individual transitions vary. Note that in the equations for the time dc''ive v :

1. U'z ao0. C03, rCrI, and g13, there are large self relaxation terms. The urcha-

bilities P_ and P.+ var-y much more slowly than these other quantit _k _t this

point it is difficult to tell how Cr.2 varies. It is reasonable to sucpcse that these

quantities relax to their steady state values much faster than P and P_ c, nan-

\Ve beIn by "iclvinz fcr the steady state solutions of c>01 an

'-'13 , ( 7 _' 7-p. 3 -c-c),, and I=P.-P_. The equation for *r0 ,an be

The scli'tlc.n 1s

0

W,(

0'] .4l "
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The other *i., 'sti::v

N., 0 03 0
0 X3  .23 01

fl = 0 -P~2w2  4.25

The adiabatic solutions for o,121 ', and 7o3 are

,D,

. -- 1 ( 4 3 +A 0/4f---p. 2. )- .. . o ',- .... (4.2\  a','
2 -DI

0"0 (A -A I-I (

• w.2 )(-4 3.3-.4 2 4)(.2 .\ 4 -- f , 2 .\2 .( I'- ' 1- 3 )1 4.27a"
0

SOD, ".-i.

* - 41 1  4 1 r 2 "'. 3 3r'-r3  V-r-

?',ir iOle marxile u to

% %41 " - o '
2 r4)i 3 -

] '[]('Z'whee D) " .V ]]r: rnin: ' t f the m-atrix in equation (1.-"2 -

",0I
.d

~60



Taking s5,,=Re an d t.=lm, r! he equ atlcns 'or ",, an-,v are

2(tA ,f 1 t 1 1-f 2  21 34 ~1 2, 22' 3

!'/ 21212 --- 32 4_ 3-'- ii W3 r __21

In matrix form this is

b11 b 12 J W ' I Kao 1 WL3 1  12 ' I 3143

The steady state solutions for w, and wL3 are

w i-- .~cx 0 -b~~)+( .~o 1 1 - ~o) W(4.31 a:

+ (b.,ce12 -b 12a.2) U--( b22Cf13-b 103

I i c i' -i-C 
1

b iC 1

If B iioo11 2 ioioV(6 10 11a21621111i) it' ~.3

(61~~ 1o-61 12) , + b 1- 2113) j

* n'w'. psr ont(o eVI'Minl th(e tiMe rler_'V itives 0of L M1 V.!



equa:1cris :r aejare3r?

=-2. nU __i_____1 m -

- , -,- V = .- 2~

ddt

and U~''~ te cx ~ssort :cr:heapprcpriate pDarts tc-, . noth ca

<on~~~~~~ U"-U ndU

77 2 (4.33b

dt

w'here the corstants are given by.

A10

2 21 21 12JI

2------------------------------C.---)

r' % r C. . ..r.r.r%



_ -. - _ _ = . - * . . c = _ = 7

r'-d

43 ' .4 .1 C 2 22 -2 3-h

_-2___ 4-- C 13 -.-. , t 4.3 4

A3 =o

-5 C5t - 41C 11-t (4.34

-,. . .. A (o

5 A 2. (4.34k

u, 

.

F

wln lkat e a ti t f 'Ad

wewl cka .3 ad ;. eae inte-reste in fl5-- in whenl-- t aes2i (.:4
;'

te.2_..1e.l.25e_ becaus tn we can once again_ makesan +siiail+. a: ci. . ..-.. 3...

\V~~mc uewilnwI kat the std; taevl el f relandtin tem equati. Lc, an c:i ec~ ,:

[ we il. ! c athr; %1 ad pr;ma%. \V e r ie std nfin'whn these 7:..-.a --

() V " ".T 
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-oee are rescnac-s. -v - nza ~ a:e : ,aerux..r

re~axten rate 7:t wa rasv n

When these con KonS are sa:llsflei. w.e car, usze the steaci sat v

an,] X - the -.ua~ I dt . The equation 'for dW d is

7t 77'

-d 1 2 4 1 2 1 4.

-1P d- J' P RP .3 _B

dt cit

- l' R ar- -11ve: '

pjP Cf2 -: P v

I WA-.,apota > v~is.~ci i~r ~: 2I cc K vnv.
% %
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C. Statistics of Fluorescence

The theory cL a -:wo :eveI 'a: 'l:r~~e s'

u flUC--StcoC '9'. \V :a FX~ -I ze p 11

flucrE-cence C f "O'"encv ndF as -,he rba:vln' --

Of L ot f-ecveencv f Te :HEo C f 7e~~~' f 77~

The mean 1eC: of ucr-scence of f~cec: IR _w

1'e.n4 ' is 1 R-. cVv a t-7

-aboiit -.veak transitilons can be deve!c--e i ai na' I-z

re'-erence (5) and- (23).
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I. Conclusion

A. Discussion of Results

In Sumnmary, the problem of laser cccohm1- :cf a sin';> icr. or at: n a br

nonilc tran, -was consid ered. A s'impl-e the-ory ofc d~a. :o-'l a

P ev e 1ope dl. In the limit that the particle's secular- mot riocn can- be tr- a

s! c aIlv, the theorv allo-ws the calculation ofl a loq-arlihmic ohcrt

*nuimerically or. for two special cases. analytically.

This theory of laser coiin- d Iffhrs from previous roesnth hitbr

Drenlicts Ccoolinr rates. as opo,_ to minimum t enme ratures c coo:. ae

aovntaes f th is developmnent are: 1) It nrovides a sim-n)e r hsica!~u~

U ~cooil>-; rooess. 2) -No assumptions needed to be made in th.e drvtno ci

tions 31bth'e equations at the core of theory. -aou-t the relatlvp i--o'<''-,

to aaie decor-' Constant 3. the os cillatlon frequencv in tr t r. L'.

-:~~ . z~ r the Rab 1 frequency C . That is the th'eor: nsw o is not -a ehiA

T '7 It F i.v , -

% ra~<~~~ees 'c naro~nwceo~:e ,tno: c



ecuIatiOn 1Wof reference iSL. to eculation 3.27a'. : eu-r~ ;

.e ak Kil - ae. Note that although a is .ie dec:ay ostn :cr tea:

themoion-te enrz o a haarmonic oscillato-r Is p r cporti: ton a o

square-j. So that the dlecav constant for the enersy shou1ld he :wi-e 7 hei

In tentio o reference (IS), is the natural Iinewiudth. o - I

P, re-. Is the scattering coefficient, equial to 1 3 fOrioroc cten.

and -s.te a---,, s-atter ng rate. is gIven by

whre ihi the Doppler-hifted natural line shape. I is the itntyCi o

cool11inlaser wxhich is proportional to the square of the Rabi frequiency. fi.

The first term in equation (5.1) describes cooling, whi;le the seco-.no term.

1-f2corresponds to recoil heating. Th.e energy of a harmonicoslatri

propor~iornai -o the average over one cycle of the v: ity square1l. so timtte

cooling termq is linear in the energy, and corresponds to exponeia-l c-ciliz a

predlcte- by p<ent thieory. The resonant denomninat.-or is the same fo-r bot>

the ,ve k >iexrsinfor c, and the cooling termi in equation (5.1). Also, the

coolinl- uermr in ec:ation (5.) cales as (.2as does ofor sm-all fl. The

0 fr.on .3 an-d v/ ditpr fom the cool')ingz term bvntdh Itano aol3V: ear,1

In csc~l! r from eq.ztin(2.279 .r h xrsintrs~~ Voi

,.dea ',' sTiit 1O~ 1. Cn-O 1l

.w %

% A -



ThThe~*

oa CC' !I-1 ex r: ar avn-t

,._r .....ncv "he ,tra D . .' toe. oetniz. .. . ..: n ::. .. . .. ...

1ase in:ensitv. 2. and to some extent. by chc'si :D ' r, '. . "

raodatlve decay constant. 3. An apnronrlate ...... ""- " :

between the ground state and some excited state, with no .. :r

hack to the grouno state except straight doCwn, so -hat,*ta.

not wasted with the atom sitting in intermediate levels. S,_h n ,

can be hard' to come by in practice. The frequency the cin" :of' -h '

also bce accessible to a tunable laser. An additional consideration in ee--,;

transition is tha: the rate of cooling transitions per second is limited .o'

.A it would seem that large 3 would be better. However, when 3 hecones ar

enough that the sidebands are no longer well separated from the cen',r:-,

cooling is slowed by transitions between the sidebands. The maxinum 'o.lin

rate occurs for 32zt'. Once an appropriate transition has been chosen. v shnou i-

be adjusted -a much as possible so that 3;z: ,'. This is not always possible: n toe

experiment performed by _Neuhaus er, et al (31), 3 was 2x19fMH-z and L'ns

2,-x2.4_\1itz. For well separated sidebands. the value of" _ for the maximum cc(_-

ing rate is just -v. If the sidebands are not well separated, the value of

c g to the maximum cooling rate is shifted toward zero. For -ive:.

values o .3 and v. plots of c, versus A are easily g: er.ted. even in regicns wh,_xr*.

- neithr analytical soallitin arplies, and the best value of A can be, tak.7. :rcn a

grapoh. The sae i. t,'re of f..

The spectro .. o" a eat.n in the la :t,!-r c'i or at. oarheV...

treated theoretical;. \ ,-,ressed : 'tom apprn i h w:s u1<,d to, provi' 1i li: : ,
Itth' ~~~ntorinatir '2 ,:lt tiv svst ,:o. It w as, sho'.v t rlv :r th r C ,,.. it- t': < i>: r 1.:: i > . ' : r ,

V V



:our :.ea: s. ~'vt h u~r o itcra -hree ?

new transio._n r2:nesrespte rmtergna:rs>n

The optical Bloch, equations for thle four level system n th,I:av

aiprox~mac'n xere developed and solv,,ed rsed tt.Te tai4tt oo

wio agee wnat wa~s expectedi from the dr-essefd atomde:&onen.:e.

Steaov. State prccbaro1v t be in eihrof the upper states as -a Irc~n2ot

Ing on the weak transiti'on. ~,Peaked sharplyv at 2=b~- an

The Bloch equations were ole in the adibtc prx_1 ~n.I a

* ~shown that -he statistics of the weak transition can be descrilbed as a r-teprcs

whenever either of the strong transitions is saturated. Upward and-_ downard - tran-

sition rates were extracted from this treatm-ent. The upward tranis!ocn r-atewa

shown to be sh-arply peaked at the four resonant frequencles listed ablove.

B. Recommendations for Further Study

4.Fluctuations have not been introduced Into the simple theory of' couo T~

~~ ~tnis couild I),- Ion. It wol-reatlv ac: to the theorv's utility, by maK -ct os-

bi- e oclcleamto o rn ep.t ore of coolin z.

* One of' thKo cr1"oss ard abou)it I~ml.Coo-k. W-11l 11)~_ _ic-tc

i~ 9*1 t9 1 1tt IITIi. I CeIIC 01 t1 1-1I i c

d~ve>n % ~ ' To-- tt t z 11 Fl th- 'I vit~_~ ~-

tt71

0T

.er4 C r CW 'J



p~rov.e 'hat th e c. an-s abruptybtee rleee

an approch S ,-n~1ar -co Coher-Tannoudr;i and Dallbard (I~ a:-,( th11at za,,~

should be donie.



Bibliography

1. _Ar-recch*i. F. T.. A. S"chenz!e, R. G. DeVoc-. 1. Juncmnann. an IL C;. B~-

"Comment, on the Ulmate S"ingle-Ion La-ser-Frecjuencv :nyrd"P'z

Review A. :33: 212-1-2126 (March 1986).

2. A~hl.A. an,! J. P. Gorldon. "Cooling and-. Trappin-_ ofinsb

Radiation Pressure," Optics- Lertrs. 4: 161-163 (June 1979Y,

3. Bergquist. J. C.. R. G. Hulet. W. ',I. Itano. and D. .J. Wineland.1. "0 ev

of Quantum Jumps In a Single Atom," PIh.sica P-eview LT_. T- 57:1C-

1702 (October 1986).

4. Cohen- Tannoudji1, C. and J. Dalibard. "Sngle Atom. Laser pcrso.

Loigfor Dark Periods- in Fluorescenc-e Light." .-zonvs-, Lz-P75 1: -- 1

448 (NMav 19S6)

5. Cok-, R. J. "Theory of Atomic Motion in a Resonant Eltctroinazne,:o

Wave," Physical Review Letters. 41: 17SS-1791 (December 197S).

6. Cook. R. .J. "Theory of Resonance Radiation Pres sure." Phys-ical RvwA

22: 1078-100S (September 1930).

7. Cook. R. J. "Quantumn-Mechanical Fluctuations of the Resonanice Ra.1:l j 17

F-orce." v Physical Review Letter.-. 14: 076-979 (14 April 10'O.

8. Cook. R. J. "_Atomaic Mlotion in Resonnnt Radiation: An Appic T)

Ehrenfest's Theorem." Physica-l Review V. 2n: 2'24-22S (July 1979).

9. Cook. R. .J. and( 11. .J. Nimnble. "Pcoss5ibillty of Direct Obscrvat*'--- r, 0 i
tumr .Jumips." Physica Reie Lotters., 15-: 1023-1026) (Manrch 935

10. Cook, R. J1.. D. G. Shankland. and A. L. Wells. "Quantumi Thor': f.)

c Mcjtion in a R-apidl1y Os:cillatitng Fe."Plhv-ical1 1>vircw N. :,)I..in a
Febru arv 193)

77



- . D:nei-. H. G. : r_. . " o o - . "

A-..nces in Atomic and M.oe,,ar P cs Volume 3. eited bY D. R. Pa .

New York: Academ'c Press. 1067.

12. D H. G. "Stored, Ion Spoctroscop:." AdIvances in Lazser

edihed by F. T. Arecchi. F. Strumia. and H. Valther. New York: Plenu:_.n

Press 1G3.

13. Dehmelh. H. G. Bulletin of the American Physical Scciety, 20: 60 (10.5.

14. Flnn, NI. A., G. V. Greenless, and D. A. Lewis. "Experimental E-,it "C
Quantum Jumps in Three-Level Systems," : Optics Comm-n!ia1,-:, 0 .

140-1.53 (November 19S6).

15. Gerald. C. F. and P. 0. \Vheatley, Applied Numerical Analysis i:,scn-
Westey Publishing Company, Reading, N-saclnusetzs. 1OS4). pp. 306-312.

16. Gordon, J. P. and A. Ashkin. "Motlon of Atoms in a Radiation Trap." Ph'-

sical Review A. 21: 1606-1617 (M\Iay 19S0).

17. Hansch. T. V. and A. L. Schawlow. "Ccolng of Gases v La- ''" " "
Optics Communications, 13: 6S-60 (January 1975).

18. Itano. V. M. and D. J. Wineland. 'Laser Cooling of Ions Stored in Harmonic
and Penning Traps." Physical Review A. 25: 35-54 (January 19S2).

r 19. Javanainen, J. "Light-Induced lotion of Trapped Ions I: Low-Ine:;si,.
. ,;Limit." Journal of Physic- B, 14: 2.519-253-1 (19S1).

20. Javanainen. J. "Light-Induced Motion of Trapped Ions II: Arbit: 'v lut:-

* sit-v," Journal of Physics B, 14: -191-4205 (10SI).

21. Javanainen, .J..N. Lindherz, and S. Stenholm. "Las.er Coclinz of Tr-p.:2

Ions: Dynamics of the Final Stages," Journal cf the O7til St':, ' -\: : -
ica B. 1: 111-115 (March 1.03).

9. .Javanainen. J. 'Possibility of Quantim Jui mps in a Thre-L.evtl lystem.
LPhv'ical ru'iew A. 33: 2121-2123 (March IOS).

IS-
FL % 11_M;



2 3. IKml.H. .J.. R .Cock. andi A. L. \Ve1S. inrn.:e Ac:
cene.Phyicl ev9v A~34: :31 30-31 37)0,-Oev,, r 1

2-.INi~ P. L. anad F. WV. NMonni. "The Rabi ir~ec n O-:-2a S-e'
Phvs!zs Reccr'_s. 136: 23.'-107 (Decem-Iber 108. .

25. Letckhov. V. S. and. V. G. NMinocin. Applied Phsc.17: 50 1 7S

26. VII-dal. A. L.. J. V. Prodlan, WV. D. Phillips. T. H. Bergen-an. a.-!: H-. .
M\Ietcalf. ' Fir-st Observation of Magnetical Trapped Neutral A,,Dn,.s." P--.-
cal Review Lptze!rs. -4: 2.506-2509 (June 19S--D)

*27. Nillonni. PD. WV. "SemiclassicalI and Quantum-ElectLrodv narlic-a'I Ap-=ahe
\on-e!ativistic Radi ation Theor.," Physics Reoorts 17.

.28S. Nagournev. N.. J. Sandber-. an,,d H. Dehmelt. "Shelvedl Ontica1 E'cr':
Akmplifer Obevto f Quantum Jumps." Physical Reviewx Le-itetc5. W":
2707-2,00 (June 1086).

29. -National Bureau of Standards. National Bureau of Sitandards_ Tech nical -No-e
1086: Trapped Ions and Laser Cooling. W~ashington: Government P:'intlcn
Ofiche. 108-5.

30. Neuhauser. WV.. NI. Hohenstatt. P. Toschek. and H. Dehrnelt. "Optiical-
Sideband Cooling of VIsible Atom Cloud Confinied in Parabolic NWe.". phyvi-
cal Review Letters. 41: 233-236 (24 July 197S).

31. -Neuhiauser. WV., Nt. Hohenstatt, P. Toschek. and H. Dehmelt. "Localized N-
ble Ba' NMono-Ion Oscillator," Physical Review A. 22:~ 1137-11-10 (elm

32. Pefg. D. T.. R. Loudon. and P. L. 1,night. "Corr-elatlins In Light Epmive"
by Threie-Level Atomns." Physica! Review A. 933: -IOSS-IQO 1 (June1 N0S0).

.33. Saut-r. T.. NW. Neuhause-r. R. Blatt, and P. E. Tosche'K. "rerct

Qu1ia ntum r Jum1nips,." Ph y SicalI R e v iw L et crs. -D7: 1000o -10> (0 S te rO I

34.- cnl. A. and R. G. rwe. 'Niaci'oscopic Qiant ii i .l np ill t
Atom .'' hvs a Revie :\ . 1: 3'] 27-31-12 (Octobr 0S)

7 01

A- L - e - _,j_.



35. ,cnenzle. A... R. G. DeVce. and R. G. Brewer. ':ssihiW:
Jumps." Phasical Review A. '2:. 127- 2.110 arch 1. 

'il
36. S:enhoim. S. "The 'Semiclazsical Theor. cf Laser Cccin ........

S Modern Phvsis. 5S: 699-73S (July l5S;'.

l37. Vls. Capt A. L. Quantum Theory of Ion Motion and Laser , "

Radio Freauency Quadrupole Trap. MIS Thesis .-AFIT/GEPiFlP-,i--D-12.

Schco of Engineerinz, Air Force Institute of Technolcgy .-kIt. \ _-

Patterson X.FB. OH. December 19S4.

3S. Wineland. D. J. and H. Dehmelt. "Proposed 1o"-v v Laker Fucre:t.:-

Spectroscopy on T1" Mono-Ion Oscillator III," Bulletin cf the .-\e :.:.:.

Society. 20:637 (1975).

" 39. \\ineiand. D. J. and W. M. Itano. "Laser Cooling of Atoms," P

Review A. 20: 1.521-1.540 (October 1979).

-40. \Vineiand. D. J., W. M4. Itano. J. C. Berzquist. and R. G. Hu et. "La~se'-

Cooling Limits and Single-Ion Spectroscopy." Physical Review A. 3: 222-

2232 (September 19S7).

i.%

I'.

S S

f



Appendix: Programs Used for Numerical Calculations

I. Numerical Integration of Equations 3.37

Program PE\V2:

{SI GRAPH.?}

L-XBEL 1.2:

CONST
y/; .N:integer= 1CO:
,',7 o'hb ar= 1..55E-3-t:

mass- 1E-25:

k=1E-07:
nu==IE06:

beta=10:
delta=-1:

{ omeg a= 1:}
dt=0.05:

TYPE
BUFF=.-VRRAY'0..-10j OF BYTE:
-number=artav1..2501 of real:
gob=array[1 ..2501 of integer:

rungekutta-arra;'u .. ' of real:

VAR
BLTFER:BFTF:
SAN FPLE:BYTE:

• I,.,LOLA:INTEGVR:

0., DATA:text:

T PROCEDI.-1E PYNC;, Fu v.x.::.k! p ,:r: VATR r11-:ri kig t "
IBEGIN

' ,l



u nw uw w rra c, f ,T e -.

rk

E ND:

PROCEDU-RE MILI mxme:L~~~~:VAT"x:i
BEGIN
min:=-num1
FOR, I:='- L DO

BEGC;IN
IF numi' < rnr TIl-iEF\n:nu.
EN-D:

EN-,D:

PROCE-D --uENY'iinmnnbr:L~ter A ra:
BEGFN
m ax: =num 1
FOR, 1:=2 to L DO

BEGIN
lIF numrl, > max TI-YEN inax:=nium nI':
E ND:

EN,,D:

PROCEDU-RE VCL~i~a':ei u~ub:L::>? AT),
VAR s:real;
BEGIN
s:=(max-nin)/,/1SO:
FOR 1:=1 to L DO

BEGIN

END:
END:

PROCEDURE iNT :m:tm e:Lfl:iv.erT \I:
V.-kR mi-n.max::'eal: :~keb
BEGIN
GRAP! IODE:

DRA\V(10.150.10.10,31:
D R A o,(2 )0 2G0, 1 :)
D PA\V 01.2.02



FOR, 1:=I T 0 9 DO
BEGIN

r DPAWVl 10--..I.

FOR 1:=l TO 9 DO
BEGIN
J:=10-71'25:
DRA\V(J,10.JIS.;3,>:
END:

NL-IINIJ (nu mL.rmax'):
IF la-=S THEN par:=0:
IF fla-=2 THEN par:==(n im~l'-nqli 1-i' nau ':3>N1 E-02-2i
LF Pla-l= THENpa:-N(a-ni9':
GOTONY:A(1 .25);
\VRITE(min:10.* '.rnax:10.' '.(rax-mini):IC>
GOTO-XY(1.1):

IF flag=2 THEN WVRITE" .par;
SC AlE (m 1n.m ax. n um. L. ma rk):
P LOT (11 1 0- m a r kf ) :
I l ag> 1 THEN CLRCLE(11.19C-imarkr1'.3.3):

FOR, 1:=:1 TO (L-1) DO
BEGIN

IF LaT1+ THEN CI0-mrCLE(-11,3I'):10mr'--.33

IF fla-> THEN

I3ECIN,

FOR, 1:=1 ,oSO DO
1P1E GI N
GETPIC(B FEI .1 k(I ). 0.4'

\VRI-T1F(LST JL '(P _

FOR .J:-=1:: tr 201 Do



% END:
E ND:

EN"D:
L "D:

F T) N C .- T N

1KiTA:=! 1 5
E ND:

BEG;IN

FOR LOL-:i -o.5 DO
BEGIN

* ome~U:=:LL1O

I XPA: 'bar qrk cmea/fnu*2*rnass);

writeilist.o nu nu): a~n

xr tel

FOR 1:= itc IGO DO

"fz V \LNCT  (u.0 \. .Y. 1)IPA,)
*1' G ~ ' o 'I . .o.

Yp - o.5 *INI v f\ PPA.T\'.

I )N. IY E 1_ I I

-V~~~~~~~~~~~~1 pICEIiI: I \1' \N ' -O.AII '

HT=L~ILI''(K \3'i1

\V~z=\V--IK~T~IN Li ~ KIT

Ic



X:=X-INK7&TTA I"- I~ .K3.KAc

EN-D: {n.o us c~

FOR 1:=l ro 2.50 DO
BEGIN

0. ..5"I'll.- .IV -o. 5 1
RUNGE(Ti.5I2u 0\\C 1k .-.

RUNGE(U 1*-13u'.%V-K'l3" \v V' K .- 1; ~Vi

END: =\V-.-K' jTTA(KJve 1K'x'UK3\W

BEGI

-G',VWX.YIAP, X:)

_'. - T -

FRUJ:=1 to1005- DO N11.1

BEGIN

Y-1- \- UTA.. K.NIYI"API\-.2 1);3

E' ND0l E, -I Cfl Iv~ I ~1
*1* iEN L~I3~ IKV .N , . . Y- 2<I V'1A.-



FOR I:=lt 2-50 DO

RINGE1 I-Q. 5 '11' V-0,5 '1 11 '.\-. 11 N-5<K

Y-0.5 t1K2 ?'. -I IFAXK3o

N1 "U , :-31T~ t xil. u~- KSi :
N \-IKTTA h '. 12x.3 \ NA

XXIV,

AlXl :=X:
EN\D: {'E nO of Ourside Loop}

PRINTAX 0.1.,'S 2.,C i)2

FOR 1:=1 to -N DO
BEGC;IN
FOR, J: 1 to 100 DO

BEGIN
P IUNGE(I ,V.'W.Y.KXEAPA.11)
RUNC;E"iC I1u ~05~ N k''"N0SK~"

Y-40.5 i R P k1(:
RUNGET-L 0TQ -. 'O \ 5Kv7K05K"

UI -T T A I,-

\Y: == N I\T (I -I~ vx 1.K<''I 2 ~

E7KD :fE iiJ of 1:)so Luzor

Y- 0. L NI K \.:I I P .\.l

Ft".11W) li j N C) I)1.\-).I~
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RUNGE(U-, -K3[ u'] ,V+K3[t'v'] ,W +K3['w'],X-13x Y-K fy IAP.K
U:=U+Kl-,UTTA(Ki [u'],K2 u1.IKL3['u'j,K41 'u');
V:='v+KUTTA(K1 f'v 'J ,K2 ['v~J,K3('v' .K4 v)
X:=\V+ 1KUTTA(Ki['w'].K-2['wi'.K 3['w',K4['w']):

AV[I] :=';
AW[I]:=W;

END; {,End of Outside Loop}

PRIN-T(.A-X.2.30,.l,S3'.,C[3]);

FOR I:=l to NDO
BEGIN
FOR J:=1 to 100 DO

RUN-\GE(UV,\VXlu',YVPAK)

RU-N-GE(-U-0.5*1 ['u'] ,V+0.5*K1 I'v'] ,W +0.5*K1 [w'] ,X±-O.5*1 "' 1 .

Y±0.5*K2Lf'y]jAPPA,IK3);
R-U-NGE(-U+1K3[' u'] ,V+K3['v] .WV+K3 ['w'] .X--K3[fx'] ,Y+K" 3 jyj .I kAPPJkl"4):

V:=V-± 1KUTTA(K1 ['u'] ,K2[u ],'1.3['u'] .K4 ['u']);

X:=\V+IKTTTA(K1 .[''] ,K2P'] ,3['w.K4[yj);

END; {End of Inside Loop}
END; {End of Outside Loop}

FOR J:=l to 230 DO
BEGIN

Y-i .5*K1 [yj.I KAPPA.IK2):

RUNE0.3*1K *N2" *[-' 11- \,I..'1'2PAl,1K3);111-,"

RU NG(U+IC 3['']SV

U:=U+KlUTTA(Kl~~~. K2 N3"u.I, IVj)



WV:=WKIUTTA(K1['w ] .K 2 [w' .1K*3[ v] .1K-I j'')
X:=X+KJJUTTA(Kil[x'] .1K2['x'] .K3 ['xJ .1K -I Lx2);
A-:=Yi-IKUTTA(IKl ryj'.K2[vJ.1K3 [v]'.IK4Iv

AU[11:=U:
Av[I]:=V;

END; {End of Outside Loop}

PRIN-T(.AX,250,1 .'S-I', [41);
PRINT(C.I,2,'LnA'.NT[LOLA]);

END;

PRIN-,T(.ILOLAk.S,'A- pha vs. omega',C[51);

TEXTMODE(2);
END.

II



HI. Calculation of Steadyv State Values from Section WV.B.2.

Program STEDSTAT:

{$I GRAPH.P}

Lk BEL 12

CONST
a10=1.25E+ 06;
a21=lE+04;
a32=1E+06:
ornegal=2-E +07;
omega2=1000;
omega3= 1E+07;
d1=-2E+07;
d2=2E+07;

TYPE
4 cornplex==array [1..21 of real;

buff= array [0. .4061 OF BYTE;
\r.number= arra[ 1.. 250] of real;

gob=array[l..250] of integer;
title=st ring [20];

VAR
BLFFER:bufi';
SAM%,PLE :byvte;
\Vi AV 2,WV3,P\NIJN\,PPLUS,WV,PO.P1 .P2.P3:nurnber;
T:title;
J,L,flag:integer;

ZE11,ZE12,ZE13.ZE21,ZE22,ZE23,ZE31.1ZE32,ZE33-):cornplex:
E M,DD,DELTA,

Y11,Yi12,Y-13,Y21,Y22,AY23,Y 31,-Y32.Y-33.
ALI1 -2U13A21X22AL23.X-\L31.-%L32.AL,33.
D:real;

I.IT1.1T2.IT:3.irIT5.ITG.IT7.ITS:co-miplex:
RT1,RT2.RT3,T.RT;.RTG.R-T7R-TS:ez tl:

PROCEDURL-1 rkeyin (x:R-EXLT:VA-R z:C'ONifPl-EII):
B BEG IN

z~ll:Sx



END;

PROCEDURE ikeyin (x:REXL :VAR z: C O-N LEX):
* BEGI-N

z[11 :=O.O;

END;

PROCEDURE keyin (zl:COMIPLEX: VAR z2:CONIPLEX):

BEGI.N

z2[2]:=zl [2];

END;

PROCEDURE negate(y:COMvPLEX;v'AR z:CON\IPLEX);,
BEGIN
z[iJ:=-y[i];

END:

PROCEDURE conjugate(y:CO\NPLEX:v.ARP z:CONIFLEX);
BEGI-N
z [1]: =y[1];

END;

FUNCTION mcdulus(y:CON[PLEX):REXAL;
B E GIN
modul us: =S QR ([ 1')a0-R(y [2]);

END;

PROCEDU-RE invert(y:CO\MILEX:VX-R z:CONJPLEX);
VAR mag:REXkL:
BEGIN
mag,:=nod- ill tus(y):

z[121:==-%[1/ Ima :
[2] . I2/ Z a)

END:

PROCEDU RE ad(1y:OIPLXVRz:COMPLEX):
BEGIN

z(I:w- 1 i-0v 1



z[2:=yl [21 +v-2(21;
END;

PROCEDURE subtract(yl ,y2:CONLPLEX:VA,-R z:COMPiLEX);
* BEGIN

z[1I:=yl[1j-y2[1];
z[2]:==yl[2]-y2 [21;

E ND;

PROCEDURE multiply(yl,y2:COM-PLEX;VX.R z:COIPLEX);
BEGIN

z[1:-yl [1] *v2[1]+y1 [2]*y2[1J:

END;

PROCEDURE divide(yl,y2:COMF1LEX;VA.R z:CONIfPLEX);
VA-R mag:RE-AL;iv1,iv2:CO'MPLEX;
BEGIN
mag:= modulus (y2);
conjugate(y2,-wl);
rnultiply(yl,wl,w2);
z[1]:=w2-[1]/mag;
z[2] :==w2[21/mag;

END;

PROCEDURE seal arm ult (x: real:y: cornp lex;VAR z:CONIPLEX):
BEGIN
z [1]: =x~y [11;

END;

PROCEDURE \1NIN LUM (n um:n umber, 'VAR min:real);
BEGUN
min:num[I]:;
FOR J:==1 to 250 DO

BEGIN
IF numPJl < mint THEN rnin:=-num[.JU
END:

END:

PROCE-DURE-)I: \IAXINWNI.(nurn:nuruber; VAR max:real):
BEGIN
max: -n uni[1 ;I
FOR, J:=1 to 2.50 DO



BEGIN
IF num[J] > max TI-\ max:=num[JI:
END:

END :

PROCEDURE S CALE (min. max~dx:real: num:number; A mark:gob);

BE GI N
s:=(max-min)/ iSO:
FOR J:=1 to 250 DO

mark [.JI: :=rourid((nurnml .~n)/s);

E ND;

PROCEDURE PRIN-\T(num:number; d-x:real; T:title; VAR, par:real);
VAR min,max:real; mark:gob;
BEGIN
GRAPI-DvODE:
DRAXV( 10.190.260.190,3);
D RAi\ 10, 190, 10, 10.3);
DR.A\V(260,190,260,10,3);
DRAAV(10,10.260,10,3);

FOR J:=1 TO 9 DO

L:190-J* 13;
DRAW( 101.1 3.L.3);
END;

FOR J:=1l TO 9 DO
BEGI'N
L: =10+ J *2 25:
DPRNN\(L. 1 90.L.1 87,3);:
EN-D;

SCALEWrnnnrnax.dlx.nunmark):
GOTOXY (1 .2.5):
WRITE(mnin:10,' I.max:10,' ',(mnax-rnin):10):.
GOTOXY-(i,i):

92



FOR J:=1 TO 249 DO
BEGIN
DPAWN%(10+J. 100- mark "J, 11 -J. I 90markJ- -11.3):
E.ND:

READ(N);
IF M=1 TEN

BEGIN
FOR J:=1 to SO DO

BEGIN
GETPIC(BUFTFER.4*(J-1)0,4*(J-1).20O);

FOR L:=1 to 201 DO
BE G I N
SAMFN1LE:=BL-TFER (L-1)+61j;
WRITE(LST ,CHIR(S-A-IFLE)):

E ND;
END;

END;

END;

BEGIN
DD:=(d2-dl )/2-50;
DELTA:=dl:-

NVRITELN(LST,>11=',,dl.' d2-' .d2.' de1de1=.DD);
WRITEL.N(LST,Omegal=',omegal,' Omega2=',omega2. Oea3.m

NVRITEL.N(LST.'A10==',alO.,' A21=',a2l,' A32=',a32):
WRITELN\(LST.#1 1):.

K E Y IN (1 1 ; A):

RT1 :=onegal *omiegal:
R T2:=o meg 2*0 ne-ga 2:

R 'P3: nn rg 3*come-a3:

.N1 ill:=a2l:
N2[ l!:=a32:

9:3



FOR J:=1 to 250 DO
BEGIN

5 DELTA:=DELTA-DD:

Ni [L2]:=2*'DELTA:.
.N2["] :=2*DELTA:.
M3[2] :=2 *DELTA;
N [L2]:=2*DELTA:

SCALAR ,,f%[iLT(RT2-RT2.N2JTI),
M%,ULTIPL-Y(IT 1 ,N3.ITS):

{flrst term in DET}
MIULTIPLA-(Ni.N2,ITI):
%fULTIPLY(IT 1,.N3 .IT2);

SC.ALARNJffiLT(RT1,.N2.ITl):
.ADD(IT1 ,1T2.1T3):.

SCALA-R.%YIJLT(RT3,.N3.I):
-ADD(IT1 ,IT3,IT2);

S CAkLkRN\ITLT(RpT2* alO IT2 1T7);.

ADD(ITS.T7 .1T);
lst and 2nd terms in DET}

MULLTIPLY(IT1.N-1 ,T);

* SCAlIA.RNIVLLT(RT1.N\3.IT1);
ADD(JT1,1T2.1T3)-,

SCA \kRNFtILT(RT3,N-2,JT1);
.ADD(IT1 .1T3,1T2);

SCXL-\RPf\IILT(RT2*a32,IT2,IT7):.

-ADD (IT 6.1T 7.1 TS):
{l1st, 2nd. and 3rd termis in DET}

RIKEYJ(RTI-RT3,IT1):
NILTIPLY(N2.N-1,MT):
.ADD(IT1 .1T2.1T3):
SCALkR-,.fl-jLT(PRTl *aIOa32,IT3.1T17):

,p~I SI



ADD( TS.I 7.IT ): {lst, 2nd. 3rd. and 4th terms in DET},
RKIN",.\(RT3-RTi.IT1>:
\f nLTIPLY(N3.N.IT2)
ADD (IT 1.1 T2,IT3T-'):
SCALk\R.NUT(RT3' alO'a32 .1T3.1T7);

-ADD(1T6,1T7 .ITS):
{lst,2nd.3rd,Ath. and .5th terms in DET}

MNULTIPLY(\2,-N3,IT 1);
MULTI7PL'Y(IT .-N-tIT 2):

SC-ALA-RNW LT(RTI1 .N3,IT1);
ADD(ITI,1T2.IT3);

SCALANR-%fULT(RT3,.N2.1T2);
-ADD (IT 3d T2,IT 1):

?R ~SCALARPNIULT(alO*a32-N-1,IT2-):
NfIJLTIPLY(ITLIT2,MT):

.ADD(ITS.1T3,DET); {DET}

RKEYIN(RT1-RT3,IT1);
%IULTIFLY(-N2.N-4,T2);

SCALXALR\UL1T(RT 1* a32-,lT3.ITS):

%fULTIPLY(N3.-N4,1T2);
.ADD(IT1 ,IT?.1,T3-);
SC.ALkRM\LlT(RT3 a32-.1T3.1T7);.

ADD(ITS.IT.ITG);

\fULTJPIY(NI.N2,ITI):

A-DD (I T 2.17T1"). '1' I):
SCALARNWI U T(RT 3. N3. 1T 2);
.VDD (I T1. 1T 2.1-T-3)
S CN AA {UT(PL1T2. I'lI) 11 T):



-ADD (IT 6. IT7 .ITS):

.NfLTLPLY(N2..N3.IT1);-
MYULTEPILY(IT1 N4 .IT2'):
SCALA-RNYIJT(RTl1.N3.ITl);
ADD(IT1.IT2.1T3):
SCALARMIJLT(RT3..N21T2);
-ADD(1T2,1T3.IT1):
S CALAkRMULT (a32,-N1, IT 2);
MTULTEFLAY(IT1.IT2,JT7);

-ADD (ITS 7.IT- j6):

SCA-LARNR -LT(omegal .I.IT1);
NfUJLTIPLAY(IT1,IT6.jT2);
DJV-IDE(IT2.DET, ZEi11);

N fULTEP LY(-.N-4, 1T2)
A.DD(ITI .1T2.1T3);
SC~kARNY\LlT(a32.1T3,IT 1);
S CALARN fJL T (R T2, N2 IT 2)
ADD(1T1 ,1T2.1T3);

SC-ALARNRLT(ornegal *RT2.I.IT1);
-MULTIFLYl(1T3.IT 1 .T2):
DIVEDE(IT2.DETZE12);
Y12:==ZE12,2}; {ZE12}

-ADD(N21,N3,IT1):
MUILTLPLY(I.IT 1 .1T2);
SCALARNFEL(omegal *RT2*RT3.1T2,IT 1):
DIYJ7DE(IT1 .DETZE 13);
Y13:=ZE13'12J); {ZE13}

SCALARN Fl-LT(RT2. N'2ITS);
RKEYIN (R T I- RT3.1T 1):

,ADD(IT1.1T2.IT:3):
S CALARN [LT(a32.1T3 MT 1):
N DD(I-F 1JTS,ITF7);

S CA1A P Nr ILT ,RT I ovi.TI7)



DPJIDE(IT7.DET.ZE21):
Y21:=ZE21',21: {ZE21}

NR1L-TLPLY(N2--,N A.T 1)~;
SC AL\R NYUL T (a 32.I1T 1. .T 2):
RKEYI N(RT 1 -a3 2. 1T1);
.ADD(IT1 .IT2.1T3);
SC.ALA\RNITJLT(RT2.N,2,1T2--);
.ADD(1T3.1T2 IT 1);
SCALk RNULT(RT2.IT1.ITS);:

SC.A-LARNIILT(a32.NAJ4.T1 -.

ADD(IT1 .1T2.IT3);
SCA.%k.RN-tiLT(RT3-alO,.IT3.IT7)1:

A.DD (ITS, IT7. IT 6):,

RKE-Y-N(R TI* a 32.IT 1);
SCA.L-\R\IUILT(RT2,.N2.1T2):
A\DD(I Ti.,IT 2.IT 3):
NLIJLTIPLY(N\2.-1.1T2);
S CALAR LT T(a 32. 1 T2.I1T 1):
ADD(IT 1 .T3.1T2):.
S CA---LkNI7JL T (a10. N 1. 1T1):
N NJL T IPLY (I T 1, ,1T2.IT-):

MULTIPLY(ITS.IT I.IT2):
D51DEU'T2.DETIE220:
Y 2 2:-= Z E 22~ {ZE22}

NMiLTIPLY(N1.N2.1T'21:

AD D (I T 1. 1 T 2.1 T 3)
S CALARL\- T on~2 -R T3.J1,1T 2):
% i LTrI PLY(1 T3,IT 2.1 T1):
D FV\1) E(I T1 .D ET. ZE'23):
Y2 3: 7 IL2:3 r2': {Z E 2:3
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AD(2 ..N3 .IT 1):
SCALkRVUTLT(-RTI -RT2'~orega:3.I.IT-2>);
%fULTIIPLY(IT1I .T2.1T3):
DrIDE(IT3,DET.ZE31);
'Y31:=ZE31[2l]: {ZE31}

RK-EYIqN(RT3-RTIAT 1);
NYULTIIPLY(-N1,-N2.1T2);
-ADD(IT1,IT2AIT3);

PsS CALA-RNILT (a10 AT 3 IT 2):
SCXLAXRF(LT(RT2.-N2IT 1);
ADD (IT 1,IT 2-. IT 3);
SC-ALARMIJLT(RT2*omega3,II T2);
N=TDLPY(IT3.AT2.ITI);
DI7IDE(IT1 .DET,ZE32);
Y32:=ZE32[2-]; {ZE32}

RKE-YI-N(RTI-RT3,IT1);
MUILLTIPLY(-N2,-N4.IT2):
A-DD(IT1,IT2,IT3);
SCA-A.RNfEJLT(RT1 I alO.1T3,ITS);,

RIKLYIN(RT3-RT1 AT 1);

ADD(IT1,1T9-,1T3);
SCkA-kR'-fU-LT(RT3* alO,1T3,1T7);

.ADD(IT8.1T7j.T6);

MILTLTJPL-Y(IT 1,N-4 .1T2);
SCAkLARNIULT(RT1 '. N3.1 T3)
ADD(IT2,IT3.IT 1);
S CALAP m u It (RT3, N 2.T2):
ADD(IT1 .1T2.1T3):
s CA-L\ NI1LT (RT 2,1 T3. 1T7):

-D D(ITG6.IT 7.1 T S):

L NIULTIPLY(IT I.-\4IJT2):

AD D(I T 1 .1 T2. 1T:-'))
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SC-A-L-XRfULT(RT3.N2.IT2):
ADD (I T3. 1T 2.IT 1):
\ fnLT IP LY(I T 1.N 1. 1T2):
S C.ALkRNUL T (a 101T2 .IT7T):

A-DD(ITS.1T7 .IT6):,

SCALk-RNMLT(omega3.1T7 ITS):
D PvTDEF(ITS ,DE T . ZE33);
Y33:==ZE33,21; {ZE33}

AL 11: =- a10/2 +a2 l/4- 2~oma 1 'omea
XL 12: =a 10-La21 ,2- 2 iom ega 1 Y12 o m ega2 *Y22:
ALl3:=al/2-a2/4-2omeaY13--ornega2 Y2:

AL2I :=(-a0 '-.2*a2 ±a3)/2-omea2*21--omega 1 'Y 1 -- m e a 31
AL'23:==(-a10-"2*a2l + 3 a2'-*m-a*Y2-m-l211--cme7a:)'2::'

AL1:-a32/2-a21 /4-2*omega3*'Y31 -iomega2*Y 2 1;
AL32) a'2a21/2')-"2*omega3*Y-32-omega2*Y22;

A\L33:=-3* a32/2-a21 /4-2*omega3*Y33-4-ornega2*Y2'I3,

D:=A-\L1 1 (AL22* X\L33--AL23*-AL32-)
±XL1 2 (A-L23*.XL31 XL2i*AL33)

±A-\L1 3 *(A-\L21 * A\-32.A-\22*--3 1);

WI 'Jl:=((al0-a21/2)*(-AL22*XAL33-A-L23iX-\L32)
A

* V2'.J'::=fAL1 1 laO/-3/"L3JA2,)'-li--a-I')
+al1Qa2l/2)*(X-\L2' AL31--XL21*X-\L33)

_ AIl 1 ,(-L2'(a3-a2/2)-(a2-al/2-a22/2 A-. )

-i-A 12 21 a10/2-aO)/) -\L'1-A-L21 (a32-a'i

FPL1~~~SLJ~~:=z(1~ I~\1rI±'Vr]~V
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W\r[4=PPLUS V-PN [IN'J':

P2[J]:=( 1 -I-Wi IJI -W1I )'4:

P3[J1,:=(1 -V J .2WKl ~3\3J)4

PRI.NT(N%1.DD.WN%1 vs. Delta'AI):-
PRINT(NV2.D \V2 vs. Delta'Afl;
PRJNT(W3.DD,'NV3 vs. Delta'..I):

PRINT(P-NU-N.DD.FTminus vs. Delta',%t):
PRJNT(PPLUS.DD.F plus vs. Delta',%I);
PRINT(W,DD.W~vs. Delta.N*)

PRI-NT(PO.DD,.P0 vs. Delta'Af);
4 PRI-NT(P1,DD,'P1 vs. Delta'AI);

:, N PRIN-,T(P2,DD.'P2 vs. Delta',I);
FRI-NT(P3.DD,'P3 vs. Delta',_M);

TEXTNIODE(2);
- E-ND.

4

I H



III. Calculation of Adiabatic Variables from Section FV.B.3.

Program X-DLAkB:
{Su - -}
{SI GRA-PH.P}

LABEL 1.2:

CONST
alO=1E +06:
a2l 1=1:
a32=1.2.5E-06:
omiegal= iE-07:
omega2=:iE±03:
omega3-2E+07:
dl=-2E +07:

CL d2='2E-' 07;

TYPTE
complex=array [1-.2] of real;
buff= array'0. 406] OF BYTE:
numberz-arra-[1.50] of real:
gob=arra- 1-250j of integer;

BUTFER: buff:
SAM IPLE :byte:

DELTAlI .DEL TA2,DELTA3X-I 1- 2AI2XI:3 . PHLIRP .RNI .
PP,PN-I,TEST:numnber;

T:tItle:
J .L.Rfag: in tee r:

Ri 1 I.R 3,R- -. R2 1 R22.-)R2:3.R4.RI2.R3 1 .R32.R3:3.R2.R35)-.)..
R-1 .R4 2.R -13, RI-1,R -.5:comaplex:

NI.DD.DELTA,
.LlO.-X\L1 1.X-Ll2,A-L13.-XL20.AL*1'JI .AL2:3 .

B31 .B 12.1321 I.122.B.CI O.C1I 1 .C12.C 1 3.C20.C--- .C2C'22.
D:real:

J.IT1,1T2.1T3,IT-I,1T5,1T6,1T7 ITS:comnplex:
RT 1 .RT2.R:)T3.RT-1.RT5,RT6,RT7.RT: re:
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PROCEDU-RE rke:.in x:RE.L:V.XR -:CON\IhEX):
BEGIN

END;

PROCEDU'RE !'Kevin (x:REAL:VAXR z:CONEPLEX);
BEGIN

z[1:=

EN D:

PROCEDU-RE %evin (zl:COMIPLEX: V-A-R z2:CONEPLEX' :

BEGIN
z2['1:=zl' 1:
z 2[2 z 1I'-

EN D;

PROCEDU-RE negate(y:CONWPLEX:VAR z:CO\IPLEX':

BEGIN

E ND:

PROCEDURE conj ugate(y-:CO\IPLE'X:VX--\R z:CONLPLEX);
BEGIN

END:

FUNCTION m~~svCMLX:EL
BEGIN
modulus:=SQRv1) ±-SQRl(y"2]);

PROCEDURPE ivjt:ONPLXARz:COMIPLEX::
VAR m a R EAL:
BEGc;IN
m ag oacjl u (y);

2 zr2

E ND:

1 02



PROCEDU-RE aWv~2CNLXVR:CMLX

z:,21:=,.-1'21.~2
E ND:

PROCEDURE ubrcyly:O PLXXRz:CONWILEX,:
BEGIN

E ND:

PROCEDURE miltiply,(yl1.y2:CON\LLEX: VXRP 7: CO NiPDLEV:

BEGIN
z[1:=vI'll*21~1[ 21*v-)2'-:

END:

PROCEDURE divide(yl ,y2--:CO\LPLEX: VPR z:CONIPLEX":
VAR mag:REXAL:-wl1,w2:CONJIPLEX:.
BEGIN

Mao,:== odulus(y2):,
conjugate(y2,-wl):
mu.tiply.(yl .wl1 w2);
z[ 1]:=%v2[lj/'mnag:

E ND:

PROC EDU~RE caamlxrelyope:VRz:CO\IWLEX):
BE GIN

ZF2:=_ y~
END;

PROCEDT.RE VANNNInmrmVr 7R rin:renl):
BE GIN
mrI:=n1umU11:
FOR, J:=l to 250 DO

BEGIN
TF nurnF.J] < mmli TH-EN mir.: zum.'.I':
END:

END;

PROCFI)IICLI N I-\ IN [IU' I (ni u~ m:1 I n 1'r VA R i xra
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BEGIN
max:=num,1 a:

FOR J:=1 to 2.50 DO
BEGIN
IF numfJj > max TI-IN max:=num, Jil.

EN\D:

PROCEDURE SCXLE (min. max. dx: real: num:number; %VARL mark:gob):
VAR s:r-eal:
BEGIN
s:=(max-min)/l SO:
IF s=O TI-IN S:=1:
FOR J:=1 to 2.50 DO

BEGIN
mark [J]:=round((n r[Jmin)/s),
E ND;

END;

PROCEDU7RE PRINT(nummnumber; dx:real: T:title; V.AR par:real):
VAR min.max:reai: mark:gob:
BEGIN
GRAPHIN lODE:
DRAW(10.1190260.190.13);

DRANV(10,190.10.10.3):
DRANV(260.l19O.260,10,3):
DRANV(l0, 10,260.10,3);

FOR J:=1 TO 9 DO
BEGIN

DRAW( 10.L.1 3.L3);
E ND:

FOR, J:=l TO 9 DO
BEGIN
L:=10±.J*25:
DPRAW(LJ.19().I..S7.31:
E ND:

N H NI 11 In ."111)

N AXIN 1iNIn. Inax>

C;01'O )-(1..101)

FA



%\RITE(rnin:10.' .max:10.' '.(rax-minK::
GOTOXY(1.1):
WRITEi' m ax-ria 2)10.' '.T:

FOR J:=l TO 240 DO
BEGIN
DR.AV(. 10-;-J, 190- mark [J] 11 +- -J,190-markI-- 1.3):
E ND -

READ(NI);
IF M=1 TH-EN

BEGIN
FOR J:=1 to SO DO

BEGIN
GETPIC(B-TFER4(J-1),.4(J-1).2OO):

WRITE(LST.#7@.2.)

FOR L:=1 to 201 DO

SAMIILE:=BTUTFER V-1 ±t
* - WRITE(LSTCHIR(SANIfPLE));

E ND;

END;

END:

DD:=((42-dl)/250;O-
DELTA:-d1;

NVRJTEL.\(LST,d1='941.' d dclcicz='.DI))
NVRITELN(LST.Oincal 0 Inegl. Oe -r:" =x' c -v':.' C):::.:2-

NVRlTEL-N(LST.'AlOzz9.,A0. A2-l=',-2l,'~ -- 2

IIK EYIN(1 .1);,

RT 1:=o ri egalu ni -a 1;
1~2: zo riiega 2 *o n i -12:

R T3:= o i in' ) oi: er i 9'2:



_Ni Ti:=a21:
_N2[1i:-a3')
_N3 1!= 210 a2 1:
N-1Tl:=aO-a32:

FOR J:=1 to 2350 DO
BEGIN

q DELTA: =DELTA-DD;

Ni 2~='D EL TA:
N22 1 :=2 *DELTA;

N3 21:=2 *DELTA-,
NA '2U=2*DELTA:

MtULTIPLY(lT .L.R 11):

RK-EY-IN(-omrega2/(2'a10),ITi):-
_TlTPLAY(IT1.1.Rl3):

MU~LTIPLY(R1 3,T.R14):

MLTIPLY(NN: 1 ):
NILTIPLY(IT 1.N-1.1T2):

ADD (IT 2.1T ). iT 1):
S CAL ARN I1L T (RPT 3.N2. 1T 2):
A.DDITi I.IT 2,IT 3):

SC'LARNILT a:3'- a2l.1T3.ITM):
MULTIPL)Y(N2.N3.1T2):
SC.'ALARN\IIULT(RPT2.1T2--,1T3l

RIK,,EYINRT1.IT2):

s 1 'Al.xR I TK 2 2, .I:T T3

SCALA RNrI:T('I2.1T

N f UILT I PI 1, YI TI
D f\1) E(1' 1. .D E1.U P':



-"'C.-VLkRNVjlTr omez a 2 -PT:.N2,,IT P

DY\TDE 1T2-.DET.1T 3)
-D Du(IT 3. R 21. R221

~CALAR-Nf ilT(- 1.R 21. R 213):

iUL TIP LY (N 2.N 4.I1 )
RK\Ex- IN(RTl-RT3.IT2);
-ADD(ITi.IT2.1T3):
'S C ALLARN R-1LT (a32 - a 2 1.I1T :3.1 T I
S CALAR N iL T (R T2.-N 2.I1T 2)
ADD(ITl .1T2.IT3) :
S CALAR N flLT ,o m e-a 1, 1  .T3.I1T 1):
\fLJLTIiPLYi(I,ITi ,1T2):
DIVIDE (IT2 .D E T.R 2:3

* NfIJLTIPLY(I.R23,PR24):

~CAXRPULT(RTorea i-2.~ IT TI):

\fLLTIPLYI.ITl.1T2):,
DIV IDE(IT1.DET.R31 ):

SCAL iRNLT(-IMR~35):

ANI1)(1T1LY1T 1 T ,:i.T

S CALARN tL T (R T1.N3.1
AD D I T:'. IT 2. 1 :

NfliPLIY( J. IlT 2,IT I:

- DXI T\1.

1)\,2,f N: I Ip NI i~iI 1 IT IT



RI'EYIN(-ome-al 'ome-,a2Eorne- a3' a21 -a'2) '2.IT1'l
NftLTLPFLYj LITi .IT2):
DIVIDE(1T2.DET.R4 1):

SCA-LkR\ UL T (- 1. R 41.R4 5'1:

S CALkRNITULT (-o meg a1- ~om e ga2'c m e-a3. N3.I1T 1'):
NHJLT IP LY(I.JIT 1. .1T2);
D TD E (I T2.D E T .J1T1):

VAD D (IT1.R4 1,R 4 2);

NMiLTLPLY(MNNA .1:
RI'IYIN\(RT3-RT1 .1T2):
-ADD (IT 1.IT 2.AT3):
S CALAkRN% LT ((a3 2 +a2l) /2. 1T 3.IT 1)
SC-ALARNfnJT(RT2/2.N\3.IT3'-
A-DD (IT 1.IT 3.IT 2)):
S CA-Lk R\nYLT(- om e a3, 1T2. 1T 1):
NRILTrPL-Y(I.IT1 .1T2):

DIVIDE(MT.DET,R43):

MULTIPLY(I.R43.R44);

B I1:=aIO+2O*ornegal *Rl I "2 -omne-a2 R2,)
B12:=a2l/2-omega2*R22 2)';
B21 :=2*omega3-R31 r21-ornesa2*R21 2' :
B22:=a32--a1,' 22cnaega3'R32 2-oii,:a2RP222':

AL 10: -(a10- a2 1, 2/2

AL11:==(alO i 1 ~omnc , a22');:

___:=c I -, 22-R2ee2'-2 D2,a

AL22:z-onri g 2 Ien2 2

Cl I 2Al1-i2':I B

(12 1: ('ll1 ;2 1 -P,21 A\I. I I2



C23:=f B i ikL23-P,2 'L 131',,,B:

GA\ fLk1'.J: = a21 -~ 2o m -21 R 3 R 111 'C12 - R 2 C,2

almea C 2oeal
-2 o mea3R 43 -2-1 2C 12 -R 4 '2 2c2

GA-%A~r :=XLN LAL)L :a2-2,D :4 .JXII3I C')- : C 3

*+RTega3*(R-, 2ineC1O"PR42'C20);l-C13PL21*C--:

*ETA27.J]: =oinega1'(R21r'1 CIQ-R22 l*2)C eTa1 (,11 (1 P- (

* ~~~ETA3rJ!:=a21 *(C2O-0.5jlom e-a2*(R21r2C1 C2~

DELTA1 [J' :=DELT-\-nea*'2 2- R-1'1C3 P2*)2,'-)
(oea~oea P-li r2 'Cme-a:3-RD-r22 (120

DELTA2,.Jj:2zrDELT.--o-megal*P23'1 1-- 2Yl 'C12-R2-)'I_

DELTA3.J]:=a21 ' e12 ,t'/P 2C2~R2>(2

+(o I, a 1 * (R, 22 R 0 2 ~C1 C'oi~a I ( 13 1), 2) 1 2 1 - 2 '
'\(J' m--r'al ' g i2/ 1 CI I P12' I '(21)),,*-

-ornei3'( 15'1 P 1 f2, 1 1-1 IC I(211:
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p SI T: .G.V\2J

-M34.$J'05C;ANx1J' ~.J'-DE TA2'i1

-Xii Tw DELT kkJ M3.-~N L DJX~ Lj DET A;3J
-D EL T-- I DEL TA--iJ GAML3J iN- AN-kij X1 M2I JX i2

RM J 1'=pP'' p _-Y

P ' ,J R P, JP' I' T

T E'ST J PFFJ' PN J'

END:

P RIN T G AA Lk1. D D.G CX§L-i VS. Dcl'ita'.NI':
P RJNT G A\IN L 2. DD.G. VL\ LX 2 V. D e 1t a. NI:

PRIN~GxIN~x.DDC;XM~x3VS. Det& a*.>
PR1N(C;AI1GAI3.DGA -\ /C 13 VS. De21ta.NI:

PRIN\T(Gk-\I\2G.XMN.:3.DD.C;XC;- ;XI-)'-\1\f3 V'S.DIt.I)
PRINT(DELTA1.DD.'D-Ital V\S. DeIlt a'..\ ):
PPIN\T DEI-T.A2-.DD.'De- ta2-- VS. De1 aN 1):

PPINT' PSJ.DD,.PSIl VS. Deita.mi{>
PRINTT.SI.DD.TRNI VS. V 'M'

PRINiRP.D RUVS.D't N)

PR-)INT I-!(.P.DD.'PI) VS. Dela'.11:

PFRLNTiLTA.DD.T 3N'P PtnNI

PRINT~~~~~S DII,;.D).)LTA iV. Dlti I'

T I NTN\ 1C)IK 2'
I NI).



'Vita

.Ann Laurie Wells was born on 21 December 197inOcha

dau-hter cf Clau de and Diana Conn. She grad uated from hl slcli Ln:

evte. Alabama in 19,75. She attended AuiburnUnvrty A>r.A

a iour Year AFROTC S':cholarshlp and -a fcour. yearNainjYrr

She receivedl a Bachelor of Science !I Physi-cs wxith hhhnisanl

sioned -h i oce on 6 June 10S0. Sewas, a Dsiv~e

Auburn's X-FROTC progam. -She wa - as s i ned to the AirFce>os

Laboratory. Iirtland XAFB. Ne xMeIxico where sh e worked ih hl

Group. part of the Adlvanced Ccncepts Branch. In June 10S2 S11,111 A'r

Force Institute of Technlozv and received a M\aster of -Scllen 7

Phy-sics in December of 19S4. She was, a DsigihdGele

Master's prog',ram.

111 11.P



UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE

Form Approved
REPORT DOCUMENTATION PAGE OMBNo. 0704-0188

la, REPORT SECURITY CLASSIFICATION lb. RESTRICTIVE MARKINGS
UNCLASSIF1E_

2a. SECURITY CLASSIFICATION AUTHORITY 3. DISTRIBUTION/AVAILABILITY OF REPORT
2b. DECLASSIFICATION/DOWNGRADING SCHEDULE Approved for public release;

distribution unlimited.

4. PERFORMING ORGANIZATION REPORT NUMBER(S) 5. MONITORING ORGANIZATION REPORT NUMBER(S)

AFIT/DS/PI/87-5

6a. NAME OF PERFORMING ORGANIZATION '6b. OFFICE SYMBOL 7a. NAME OF MONITORING ORGANIZATION
Air Force Inst. of Tech. (If applicable)
WPAFB, OH 45433-6583 AFIT/ENP

6c. ADDRESS (City, State, and ZIP Code) 7b. ADDRESS (City, State, and ZIP Code)

8a. NAME OF FUNDING/SPONSORING 8b OFFICE SYMBOL 9 PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION (If applicable)

8c. ADDRESS (City, State, and ZIPCode) 10. SOURCE OF FUNDING NUMBERS
PROGRAM PROJECT TASK WORK UNIT
ELEMENT NO. NO. NO ACCESSION NO

S11. TITLE (Include Security Classification)
See Box 19

12. PERSONAL AUTHOR(S)
Ann Laurie Wells. B.S.. M.S.. Capt. USAF

13a. TYPE OF REPORT 1315. TIME COVERED 1. DATE OF REPORT (YearMonth, Day) !1S PAGE COUNT

PhD Dissertation FROM TO i1987 December I Ill
16. SUPPLEMENTARY NOTATION

17. COSATI CODES 18. SUBJECT TERMS (Continue on reverse if necessary and identify by block number)
FIELD GROUP SUB-GROUP Quantum Physics, Trapping, Ion Trapping, Laser
20 10 Cooling, Lamb-Dicke Limit, Quadrupole Trap

19. ABSTRACT (Continue on reverse if necessary and identify by block number)

Title: THEORY OF LASER COOLING AND SPECTROSCOPY OF HARM1ONICALLY
TRAPPED SINGLE ATOMS

Research Chairman: Richard J. Cook, Major, USAF

7.: 
o , dAW 

AFR 196-Y.

20. DISTRIBUTION /AVAILABILITY OF ABSTRACT 21. ABSTRACT SECURITY CLASSIFICATION
0 UNCLASSIFIED/UNLIMITED [ SAME AS RPT. DTIC USERS UNCLASSIFIED

22a NAME OF RESPONSIBLE INDIVIDUAL 22b TELEPHONE (Include Area Code) 22c OFFICE SYMBOL
Won B. Roh (513)255-4498 AFlT/ENP

DO Form 1473, JUN 86 Previous editions are obsolete. SECURITY CLASSIFICATION OF THIS PAGE
UNCLASSIFIED



Abstract

The problem of laser cooling of a single ion or atom in
a harmonic trap was considered. A simple theory of sideband
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approximation were developed and solved for steady state. The
Bloch equations were also solved in the adiabatic approximation
and upward and downward transition rates were extracted from
this treatment.
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